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Abstract

Theproblemof modelselectionis relevant to manyareasof computervision. Modelse-
lectioncriteria havebeenusedin thevisionliterature andmanymore havebeenproposedin
statistics,but the relativestrengthsof thesecriteria havenot beenanalyzedin vision. More
importantly, suitableextensionsto thesecriteria mustbe madeto solveproblemsuniqueto
computervision.Usingtheproblemof surfacereconstructionasour context, weanalyzeexist-
ing criteria usingsimulationsandsensordata,introducenew criteria fromstatistics,develop
novelcriteria capableof handlingunknownerror distributionsandoutliers,andextendmodel
selectioncriteria to apply to the surfacemerging problem. Thenew and existing modelse-
lection criteria and merging rules are testedover a wide range of experimentalconditions
usingbothsyntheticandsensordata. Thenew surfacemerging rules improveuponprevious
results,and work well evenat small stepheights( ������� ) and creasediscontinuities.Our
resultsshowthat a Bayesiancriteria andits bootstrappedvariant performthebest,although
for time-sensitiveapplications,a variantof theAkaikecriterion maybea betterchoice. Unfor-
tunately, noneof thecriteria workreliablyfor smallregionsizes,implyingthatmodelselection
andsurfacemergingshouldbeavoidedunlesstheregionsizeis sufficientlylarge.



Machinevision systemsextract useful informationfrom imagesin orderto performspecific

tasks.Estimatingageometricmodelformsthebasisof thisextractionprocess.While somephysi-

calprocessesarewell understoodandeasytomodelmathematically, in mostcasesdifferentmodels

mustbefit to thedataandthebestmodelis selectedfrom thesecompetingmodels.This process,

generallyreferredasmodelselection, mustprecedeparameterestimationwhenthe modelis not

known apriori. It arisesin diversemachinevisionproblems.For example,thebestcameracalibra-

tion modelmustbeselectedto getunbiaseddatafrom sensors,thecorrectdeformationmodelmust

beselectedto describedeviationsfrom CAD specificationswheninspectingmanufacturedparts,

andsurfacesmustbedefinedusingthecorrectmathematicalmodelin surfacereconstructionfor

reverseengineeringand3D modeling.While theproblemof parameterestimationis well studied

in computervision [8, 9, 33, 34, 42, 43], theassociatedproblemof modelselectionhasonly re-

ceivedrecentattentionin theliterature[13, 49]. Yetwithoutgoodsolutionsto themodelselection

problem,theestimatedparametershave little meaning.

Model selectioncriteria in vision have differentorigins. Many of thesecriteria areheuris-

tics [6, 8, 39, 47] andsomerely on userdefinedthresholds.Others,especiallyrecentones,are

applicationsof statisticalandinformationtheoreticcriteria [7, 9, 17, 28,29,30, 45,52,53]. Un-

fortunately, theadvantagesandlimitationsof thesecriteriain computervisionalgorithmshavenot

beencarefully analyzed.Most do not work well for small region sizes,many make errorsnear

smallmagnitudediscontinuities,andsomearebiasedtowardshigheror lower ordermodels.Fur-

ther, modelselectioncriteria in vision musttolerateoutliers[9, 17], unknown noisedistributions,

andotherkindsof unmodelederrorsin thedata[16].

Modelselectioncriteriahavebeenderivedto chooseasinglemodel— e.g.aplanar, quadratic,
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or higherordermodel— for a given setof data,but problemssuchassurfacemerging require

criteria thatcandecidebetweendescribinga datasetwith a singlemodelor partitioningthedata

setanddescribingeachwith a separatemodel(seefig. 1). Merging techniquesusedin vision are

basedonempiricalheuristics[6, 15,48,39], andperformpoorlyat smalldiscontinuities.Further,

in anattemptto avoid themodelselectionproblem,many merging techniquesonly join fits to the

samemodel[6, 15,27,48], potentiallylimiting theeffectivenessof merging. Hence,mathematical

criteriato mergeregionsandto simultaneouslydecidethecorrectmodelfor amergedregionmust

beformulated.

Onecomputervisionproblemwheremodelselectionandmergingtechniquesarecrucialis sur-

facereconstruction.Many reconstructionalgorithmsusea local-to-globalapproachin which pa-

rameterestimationtechniquesandlocaldecisioncriteriaarecombinedin agreedysurfacerecovery

strategy. Thisapproachinvolvesestimatinginitial surfacepatches(usinggrid techniques[15, 48],

clusteringmethods[23, 39], or by regiongrowing [6, 9, 29,47]), andlaterpruningredundantsur-

facepatches[9, 29], or merging artificial surfaceboundaries[6, 15, 39, 48]. In the absenceof

a priori information,modelselectionforms an importantpart of eachstep. For example,when

expanding“seedregions”,at eachiterationit mustbedecidedwhetherto continuegrowing using

thesamemodelor to switchto a differentmodel.Whenpruningredundantfits a modelselection

criteriamaybeusedexplicitly [9] or combinedwith greedysearchtechniques[29]. Whenmerg-

ing adjacentsurfaces,a criterionmustbeusedto determineif thedatashouldberepresentedby a

singlefit or by two or moredifferentfits.

Surfacereconstruction,therefore,providesagoodcontext for studyingthemodelselectionand

merging problemsin computervision. Using this problemasour context, we studythe charac-
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teristicsof differentmodelselectioncriteria. We modify themfor usein thepresenceof outliers,

and develop new criteria basedon bootstrappeddatadistributions [19] which do not requirea

prior modelof thenoisedistribution. Finally, we extendmodelselectioncriteria to developnew

techniquesfor surfacemerging. All new andexisting criteriastudiedin this paperarefree from

user-defined,datadependent,thresholds,althoughsomeusestatisticalthresholds(confidencein-

tervals). We comparethe relative performanceof thesecriteriausingsimulateddata(containing

small-scaleGaussianerrors),and real data(containingsmall-scalerandomerrorsandoutliers).

Our resultsshow thatthesenew criteriamaybeusedto give improvedperformanceover existing

techniques(for example,the discontinuityin Figure2 canbe detectedby usingnew techniques

presentedin thispaper).Theexperimentsonsimulatedandsensordatadeterminetheperformance

of thesecriteriaunderdifferentconditions,andidentify situationsin which they performpoorly.

Theseresults,therefore,maybeusedto decideamongdifferentmodelselectioncriteriaandmerg-

ing criteriafor differenttypesof dataandapplications.

1 Definitions

Rangeimage: A rangeimageis characterizedby a point 	�
��
� � 
���
���� at any pixel � in theimage.

For oursimulations,� 
 will simplybea scalar� 
 , andfor realrangeimages� 
 ��� � 
���
 ��� . We call

the former2D rangeimagesandthe latter3D rangeimages.For this paper, we assumeerrorsin

rangedataareall in thedepth( � ) direction1.

1Errorsin sensordataare,generally, alongall coordinatedirections.But, experimentswith our sensorsshow that

for relatively smallfieldsof view (a viewing coneof 25 degreesor less),theerrorscanbeapproximatedto bealong

thedepth( � ) direction.Almostall otheralgorithmsassumethesame[2], andhavenot reportedany problems.
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Candidate modelsand parameter estimation: Experimentsin this paperarebasedon data

setsfrom linear and quadraticmodels. To testperformanceof differentcriteria we usethe set� ��� �"!�#$�&% #$�"'(#$�")(* of candidatemodels,where� 
 standsfor the + th ordermodel.Models �"!
and �") areincludedin

�
to detectbiastowardlow or high ordermodelsin differentcriteria.The

modelsin
�

usediscreteorthogonalpolynomialsasbasisfunctions[3, 5], andaregivenby

�-, �/.0� 132/4 %5687 !:9 6<;=6 , �/.8#>�:�@?BACACAEDF# (1)

whereGIH is thenumberof parametersin themodel.Orthogonalpolynomialsareusedbecausethey

give well-conditionedmatrices,andestimationis efficient becausefit to high ordermodelsbuilds

onfits to lowerordermodels(thesecondadvantageis lost,however, whenusingrobusttechniques

becauseoutliersaredetermineddifferentlyfor differentmodels,andparametersmustbeestimated

separately).Theparametervectoris givenby JKH@�L� 9 ! 9 %"ACACA 9 1 2 4 % ��� . Thesetof orthogonalbasis

polynomials,; 6 , �/. , is constructedusingthe M datapoints,andsatisfiestherelation[3, 12]NO 
 7 %QPSR TVU 
XW P�Y TXU 6 W<Z
[K\ for ]Q^Z
_-` (2)

In thispaper, weconsidermodelsof theforma �@bQHcJKHedgfh# (3)

where
a

containsthe , Mjijk�. depthvalues,bcH contains, MjilGIHm. orthonormalpolynomialswhere

any elementbcH , �n#XoF.p� ; 6 , � 
 . , and fq�
�sr�%<r 'tACACAEr N ��� is a vectorof unobserved,but independent

randomvariables.Notethatthestandarddeviationof noise,u , mayor maynotbeknown a priori .

Estimatesof v H and u , obtainedby fitting model w to the data,aredenotedby xv H and xu H ,

respectively. Information-theoreticcriteriausetheloglikelihoodof estimatedparametersfor model

selection,hence,maximumlikelihoodestimators(MLEs) mustbeusedfor parameterestimation.
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We useordinaryleast-squaresfor datawith Gaussianerrors,andfollowing [9], we useiteratively

reweightedleastsquares(IRLS) [24] with an M-estimatorbasedon y -distribution for datawith

outliers. In the latter case,IRLS is initialized using leastmedianof squares(LMS) [33]. We

denotethe likelihoodfor model w by z T v H W and the residualsumof squaresby {}|<| H . The

covariancematrix for v H is givenby ~ T v H W .
2 Intuition about modelselection

It is well known andeasilydemonstratedthat a higherordermodelfits any datasetmoreaccu-

rately thana lower ordermodel. Thus, accuracy as a sole measureof fit quality is ineffective

whencomparingbestfits from differentmodels;fit accuracy mustbecombinedwith otherfit char-

acteristicsin orderto choosethe correctmodel. Considermodelselectionfor noisy datapointsTn�KTn� \C[h`���W�\ T�� \ � ` � W \ TV� \ � `���W�\ T�� \ � `���WC��W from thestraightline � Z�� . Figure3(a)shows thezeroth-

order( w ! ), first-order( w % ), andsecond-order( w ' ) fits to the data. Observe how the quadratic

modelfits the databest,althoughthe linear model is the correctmodel. Now consideranother

samplingof thesameline givenby
Tn�KTn� \ � ` � W \ T�� \ � `���W�\ TX� \ � `���W \ TX� \ � ` � W ��W . Figure3(b) shows

the fits to this new setof points. In this case,the w ! and w % fits remainalmostthe sameasin

fig. 3(a),but thequadraticfit changessignificantlyandflips to theothersideof the linearfit. In

this situation,a linearmodelis more“stable” thanthequadraticandthereforeintuitively appears

to bepreferabledespitebeingslightly lessaccurate.An overly accuratefit alsomodelspartof the

randomnoisewhich it is supposedto remove, makingtheestimatedparametersvery sensitive to

differentsamplingsof thesamedatapoints.
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While fit accuracy hasmeasuressuchasresidualsumof squaresandlikelihoodattheestimated

parameters(seesec.1), measuresof modelstabilityarelesswell-known. For amodelto bestable,

its estimatedparameters,say, xv H and xv��H from two differentsamplingsmustbecloseto eachother.

Thus,amodelthatgivesamore“compact”setof xv H sduetoslightperturbationsin thedatais likely

to bemorestable. In [12], we show that this “compactness”canbemeasuredby the covariance

matrix, ~ T xv H W , of theestimatedparametervector xv H . In fact, thestability of a modelturnsout

to be directly proportionalto ��~ T xv H W � %V��' . Note that this measureof stability doesnot say that

simplemodelsarestabler. But simplermodelsindeedhave a highervalueof ��~ T xv H W � %V��' . Also,

two modelswith thesamenumberof parametersarenot treatedequally;themodelwith a higher

valueof ��~ T xv H W � %V��' hasmorestability. This measureof fit stability arisesin several information

theoreticcriteriain sec.3.1.

3 Model selection

This sectiongivesanoverview of modelselectioncriteria in the literature. While someof these

criteria have previously beenusedin surfacesegmentationalgorithms,othersare new to com-

putervision andhave beenborrowedfrom thestatisticsliterature.Thesectionfirst introducesthe

information-theoreticmodelselectioncriteriaandthendiscussesthemodelselectioncriteriabased

onhypothesistests.
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3.1 Information-theoretic criteria

This sectiondiscussesmodelselectioncriteriabasedon Bayesrule, Kullback-Leibler(K-L) dis-

tance,andminimumdescriptionlengths(MDL), andshows how theintuition discussedin sec.2

tieswith differentcriteria. In eachcase,wegiveabrief descriptionof thebasicprinciples,discuss

the assumptionsused,andpresentthe criterion for the casewhen u is known andwhenit is not

known a priori .

3.1.1 Model selectionusingBayesrule

CriteriabasedonBayesrulechoosethemodelthatmaximizestheprobabilityof thedata,� , given

themodel � andprior information � . This probabilityis denotedby � , �&� ��#n�=. . UsingBayesrule

(andassumingtheparametervector, JKH , andstandarddeviation of noise,� , areindependent[32,

page109]),

� , ��� ��#n�F.������ � , �&� J H #n��#$��#n�=.�� , J H � ��#n�F.�� , �/� �=.�G�J H G�� (4)

� , ��� JKH #n��#$��#n�=. in (4) is justthelikelihood¡ , JKH¢. . � , JKH£� ��#n�=. is thepriorprobabilityof JKH . Since

reconstructionapplicationsgenerallylackprior informationonparameters,weuseauniformprior

on JKH (see[22, appendixA]). When � is known, its prior, � , �/� �F. , is adeltafunctionat theknown� , and(4) reducesto an integral with respectto J H only. Solving this reducedintegral usinga

secondorderTaylor’sexpansionof ¤¦¥�§�¡ , JKH¨. at ©JKH [26, chapter24] yields

� , ��� ��#n�F.0ª , ��«�. 1 2 ��' ¡ , ©JKH¢.¬�¦��©­ , ©JhH¨.C� � %V��' # (5)

Noticehow theaccuracy termgivenby z T xv H W andthestability termgivenby � x~ T xv H W � arecom-

binedin thiscriteria.

8



When � is not known, we needto assign� , �/� �=. . Again, we usenon-informative priors on� , �/� �=. . For theGaussiancase,usingthenon-informativeprior k�®(� for � (see[26, chapter6, page

29]), andassigningotherprobabilitiesasbefore,(4) reducesto

� , �&� ��#n�=.0� ¯ ,$, Mj°tG�H¢.$®��I.��± 1 2 ��'n²�³´% « N ��' � b � H bcHµ� %V��'<¶ ·0· ± N 4-132 ²¸��'H # (6)

where ¹ Tnº W is thestandardGammafunction,and {}|<| H is theresidualsumof squaresfor modelw . Alternatively, assuminga uniformprior on � [22], (4) reducesto

� , ��� ��#n�F.�� , ��«�. 1 2 ��' ¡ , ©JKH»# ©��.p�¦� ©­ , ©JKH # ©�´.C� � 4 %V��' # (7)

Thesecriteria,(5), (6) and(7), will bereferredto asBAYES.

To avoid theexpenseof estimating
­ , ©JhH¨. , severalasymptoticapproximationsof (5) havebeen

introduced.A commonone,dueto Schwarz[41] is givenby

� , ��� ��#n�F.�ª@¡ , ©J H .�M 4-132 ��' # (8)

andis commonlyknown asBIC. Onceagain¡ , ©JhH # ©�SH¢. replaces¡ , ©J-Hm. in (8) when � is unknown.

3.1.2 Model selectionusingK-L distance

Someof the earliestcriteria selectthe model minimizing the Kullback-Leibler(K-L) distance¼ T xv H \ v�½ W . where J ½ representsthe parametersfor the “true” or generating model. The Akaike

InformationCriterion(AIC) [1] approximates
¼ T xv H \ v�½ W by

G , ©JKH #3J ½ .�ª¾°¿�À¤¦¥�§�¡ , ©JhH¢.�dÁ��GIHÂA (9)

WhileAIC hasnotbeenusedin surfacereconstruction,[9] usesapopularvariantof AIC, CAIC [10]

G , ©JhH #3J ½ .0ª¾°¨�À¤�¥�§�¡ , ©J-Hm.ÃdÄGIH , ¤�¥�§/MÅdÆk�.8A (10)
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We studyboth CAIC andAIC here. When � is unknown, ¡ , ©J H # ©� H . replaces¡ , ©J H . in (9) and

(10).

3.1.3 Model selectionusingMDL principle

A numberof modelselectioncriteriaarebasedon theprincipleof minimizingthetotalnumberof

bits to expresstheobserveddata.Thenumberof bits requiredto expresstheobserveddatausing

model � is ¤�Ç È=H��É¤¦Ç È , ©fFH¢.�dc¤�Ç È , ©JhH¨. , where ¤�Ç È denotesthe lengthof the bit string requiredto

encodeany quantity. Model selectioncriteriabasedon theMDL principlechoosethemodelthat

minimizes ¤�Ç È=H . The quantities¤�Ç È , ©f=H¨. and ¤�Ç È , ©JKHm. arecalculatedusingdifferentassumptions,

giving rise to different model selectioncriteria. The most commonof thesecriteria is due to

Rissanen[36], andis equivalentto BIC, eq. (8). In [37], Rissanenderivedan improvedcriterion

whichchoosesthemodelminimizing

¤�Ç È=HÆ�¾°Ê¤�¥�§ ' ¡ , ©JKH¢.Ãd G�H� ¤�¥�§ '¸ËmÌ ©J � H , ©­ , ©JKH¢.$. 4 % ©JKH¿Í}dÄ¤�¥�§ 'ÎË(Ï 1n2 # (11)

where¤�¥�§ ' Ë ,ÎÐ .B�¾¤�¥�§ ' Ð dÑ¤�¥�§ ' ¤�¥�§ ' Ð dÆACACA , includingonly its positive terms,and Ï 1 2 is thevolume

of the G�H -dimensionalunit hypersphere[18, page24]. When � is not known, (11)becomes

¤¦Ç È�Hc�¾°Ê¤¦¥�§ ' ¡ , ©JKH # ©��.Ãd GIH� ¤�¥�§ 'ÎËmÌ �Ò©J � H ©� �V, ©­ , ©JhH»# ©��.$. 4 % �Ó©J � H ©� � � Í}dÄ¤�¥�§ '�Ë(Ï 1n2 A (12)

Noteagainhow themeasuresof accuracy andstability arecombinedin criteria(11) and(12). In

surfacereconstruction,a MDL criteriahasbeenusedto pruneredundantsurfaceby minimizinga

quadraticoptimizationfunction[29]. Interestingly, thiscriteriacanbeshown to besimilar in form

to AIC [12] which is basedonminimizingtheK-L distance.
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3.1.4 Robust modelselection

Informationtheoreticcriteriapresentedin the last threesectionshave beentraditionallyusedfor

datawithout outliers. This sectiondiscussesmodificationsto theabove criteriawhenoutliersare

presentin thedata.

Althoughthedifferentcriteriastartfrom differentpremises,interestingly, they all endup asa

penalizedlikelihoodof theform

ÔÎÕFÖ z T xv H WØ× stabilityor complexity term̀ (13)

To make suchcriteriarobust in thepresenceof outliers,theaccuracy termor thestability termor

both have beenmodifiedby differentresearchers[9, 20, 31, 35, 38, 49, 50]. However, all these

modificationsareof anempiricalnature.A discussionandcomparisonof theseapproachesis be-

yond the scopeof the currentpaper. As such,we only discussBoyer, Mirza, andGanguly’s [9]

modification to CAIC in a surface reconstructionalgorithm. Boyer, Mirza, and Ganguly [9]

model rangedatacontaminatedwith outliers to be y -distributed and replacethe loglikelihood,ÔÎÕ=Ö z T v H \ u W in (13),with a weightedloglikelihoodfunctiongivenby

ÔÎÕ=Ö z T v H \ u WcÙ Ú NO 
 7 %ÜÛ TXÝ H 
ÒWBÞ T�Ý H 
�W (14)

in CAIC, whereÞ TXÝ H 
�W is givenby

Þ TXÝ W<Z Tn� ×¾ßÀW Ô¸Õ=Ö T3� × Ý 'ß W and Û T�Ý WÜZ àááâ ááã � Ý Zä[å ±�æ ²æ otherwise.

We usethis definition of
ÔÎÕ=Ö z T v H \ u W for all the informationtheoreticcriteria whenever datais

contaminatedwith bothnoiseandoutliers.
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3.2 Model selectionusinghypothesistests

A numberof modelselectioncriteria thathave beenusedin reconstructionalgorithmsarebased

on hypothesistests.This sectionsummarizesfour suchcriteria. Eachstartswith thezerothorder

modelasthe null hypothesesandmovesto the next higherordermodelwhena null hypotheses

is rejected. In thesetechniques,sinceall null hypothesesmay be rejected,it is possiblethat no

modelis selected.This sectionalsointroducesa simple,new F-testmodelselectioncriteria. This

techniquemaybeusedwhen � is unknown andtheChi-squarebasedtechniquescannotbeused.

RUNS: Theintuition behindusinga runstestis thatlow orderincorrectmodelswill producea

large“run” (consecutive sequence)of all positive or all negative residuals.For 2D rangeimages,

thetotalnumberof runs,ç H , for any fit ©J-H , is asymptotically2 normallydistributedandis givenby

[11, pages164-170]

ç HÆè@éëê �8ì H¿íCHì-HÄd í H d@k�# �8ì H¿íCH , �8ì H¿íCH °îì H ° í H ., ì-HÄd í H¨. ' , ì-HÁd í H�°�k�.<ï A
Here,ì-H is thenumberof positiveresiduals,and MÃH is thenumberof negativeresidualsin thefit.

Thetestrejectsmodel � if ç H is not within a 95%level of confidence.SincetheRUNS testdoes

not generalizeto 3D rangeimages,Besl[4, pages150-152]introducesa heuristicapproximation.

Hecreatesbinaryimagesof positiveandnegativeresiduals,erodestheimagesusinga D<i£D kernel,

findsthelargestconnectedcomponentin eachimage,andrejectsthenull hypothesesif thelarger

of thesecomponentsis greaterthan2% of M . We follow this heuristicfor 3D rangeimages.The

runstestis advantageouswhen � andthenoisedistributionof thedataareunknown.

CHI : This testis basedonaone-wayChi-squaretestandrejectsmodel � ata95%confidence

level. It hasbeenusedby WhaiteandFerrie[52]. Theintuition is thatlow orderincorrectmodels

2For smallsamples,techniquesfrom [46] and[21] maybeused.
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will produceasignificantover-estimateto theerrorin thedata.

CR-Test: This testcombinesCHI andRUNS,andrejectsmodel � if bothof themfail. This is

themodelselectioncriteriausedby BeslandJain[6].

CSR-Test: This test,basedon BollesandFischler’s [8] test,rejectsmodel � for any oneof

threereasons:(a) CHI fails, (b) Reject � at 95% confidencelevel when � ì-Hð°ÁMÃH£�ÀñÉ��ò M , and

(c) Reject � at 95% confidencelevel whenthe longestrun exceedsDFAóD��Âdc¤�¥�§ ' M . For 3D range

images,we replacethe longestrun with sizeof the largestconnectedcomponentcreatedby the

processdescribedin RUNS.

FTEST: In this test,any model � 
 is rejectedin favor of � 
 ³´% if [51, page96], ¶ ·0· HÜôÃ° ¶ ·0· HÜô�õ�ön.$® ,$, M"°ØGIH�ô�.´° , Mj°tG�H�ô�õ�ö8.$.¶ ·/· H�ôV® , Mj°ØGIH�ô�õ=ö8. ñ�÷ ± 1n2 ô�õ�ö 4-1n2 ô$ø N 4-1n2 ô�õ�ö ²Òù !Eú û$ü A (15)

Startingwith thezeroth-ordermodel,this testcontinuesswitchingto a higherordermodeluntil

(15) is notsatisfiedor until all modelsin ý havebeentested.

4 Model selectionusingbootstrap principle

Themodelselectioncriteriapresentedin sec.3,with theexceptionof RUNS,implicitly assumethat

theerrordistributionis known a priori . Some,suchasthetechniquesbasedonchi-squaretestsand

F-testin sec.3.2 aremorerestrictive, specificallyassuminga Gaussiandistribution. In computer

visionproblems,however, errordistributionsareoftenunknown anddifficult to modelaccurately,

makingit crucialto developmodelselectioncriteriathatdependononly weakassumptionsabout

errordistributions.We addressthis problemin this sectionby deriving bootstrap[19] versionsof
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modelselectioncriteria in sec.3.1. The resultingcriteria areempirical in nature,makingthem

somewhatexpensive to compute,but they do not requireuser-definedthresholdsandcanbeused

whensensorerrormodelsareunavailableor unreliable.

The bootstrapis a methodfor estimatingan unknown distribution from availabledata. This

techniqueintroducedin statisticsby Efron [19], hasonly recentlybeenusedin computervi-

sion [14]. In regression,the bootstraptechniquecanbe usedto obtainan empiricaldistribution

of errorsin thedata,andthis distribution canbeusedto generatedifferentstatisticson themea-

sureddepthvalues,þ , andtheestimatedparametervector, v H . As discussedlater, we will need

bootstrapestimatesof thestandarddeviationof noise,u , andthecovariancematrix, ~ T v H W for the

differentmodelselectioncriteria. Theideaof bootstrapis simple.Considertheregressionmodel

givenby (3). Let xv H betheparameterestimateof v H , let xÿ H bethecorrespondingresiduals,andletxþ H bethevectorof estimated� values.Theresiduals,xÿ H Z�� x� H<% `(`�` x� H N�� � , canbeusedto gener-

ate x� H , anempiricaldistributionfunction.Theplug-inbootstrapprinciple[19, chapter4] samples

from x� H to generatebootstrapdata.Notethatsamplingfrom x� H is thesameassamplingfrom the

set
� x� H<% \�`�`(`À\ x� H N � with replacement.Thebootstraperror vector ÿ ½H is addedto xþ H to generate

a bootstrapsetof � values, þ ½H . This “bootstrapdata” setcannow be usedto generatea boot-

strapestimateof xv ½H . Theprocessis repeatedto generate{ bootstraperrorvectorsÿ ½ %�H \�`�`�`�\ ÿ ½� H ,

addingeach ÿ ½� H to xþ H gives { bootstrapresponsevectorsþ ½ %�H , `�`�` , þ ½� H . Thesein turn canbe

usedto generatebootstrapestimatesxv ½ %�H \�`�`(`�\ xv ½� H . Theresponsevectorsþ ½ %�H , `(`�` , þ ½� H areused

to generatea bootstrapestimateof u , and xv ½ %�H \�`�`�`�\ xv ½� H areusedto generateabootstrapestimate

of ~ T v H W . Figure4 givesaschematicdiagramof thebootstraptechnique.

Note that the above descriptiondoesnot specifya methodfor estimating xv H . Thebootstrap
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methodis generalandmaybeusedfor datacontaminatedwith noiseandoutliers. It is basedon

theassumptionthaterrorsareindependent,andthelackof independencegenerallyreducestheac-

curacy of theresult[19,page396]. Thenumberof bootstrapreplications,{ , is chosenempirically.

Accordingto Efron andTibshirani[19, page52], seldomaremorethan200 replicationsneeded

for estimatingthemeanandcovariance.

4.1 Behavior of bootstrap estimatesof spread

Thissectiononly usesbootstrapmeasuresof spreadto derivebootstrapversionsof modelselection

criteriain sec.3.1. In particular, thesectionusesbootstrapestimateof u andthebootstrapestimate

of ~ T xv H W in severalinformationtheoreticmodelselectioncriteria.

Thebootstrapestimateof u , u ½H , is calculatedby findingtheaveragestandarddeviationof þ ½ %�H ,`�`�` , þ ½� H , andthebootstrapestimateof ~ T xv H W is givenby thecovariancematrixof xv ½ %�H \�`�`�`À\ xv ½� H .

To study the behavior of the bootstrapestimatesof ~ T xv H W , datafrom Gaussiandistribution is

used,and ~ ½ T xv H W correspondingto eachmodelis comparedwith theexpectedcovariancematrix

� T ~ T xv H W8WpZ u '
	�� � H � H�
 4 % .
Thefirst setof experimentsgeneratedatafrom themodels� Z � [=[´×Ê� and � Z � [=[´×Ê�¨Ú"[h` � � '

at u Ze[K`�[�� . Eachexperimentincreasesthe region sizesymmetricallyaroundthe origin from 7

to 77 pixels. Figure5(a) and (b) show the bootstrapestimates,u ½H�� , u ½H ö , u ½H�� , and u ½H�� . The

resultsshow thatnoneof the u ½H valuesarecloseto theactualu atsmallregionsizes.However, as

regionsizeincreases,u ½H ö , u ½H�� , and u ½H�� graduallyapproachtheactualu valuein fig. 5(a),giving a

reasonablyaccurateestimateof u beyondaregionsizeof 30pixels.Similarly, in fig. 5(b), u ½H�' , and
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u ½H � givea reasonablyaccurateestimateof u beyonda region sizeof 30 pixels.But in bothcases,u ½H valuesfor modelsof lowerorderthanthecorrectmodelaregrossoverestimatesof u . Figures6

(a) and (b) comparethe correspondingbootstrapestimatesof ~ T xv H W by plotting
Ô¸Õ=Ö ��~ ½ T xv H W �

against
Ô¸Õ=Ö � u ' 	 � � H � H 
 4 % � for thezeroth,linear, quadratic,andcubicmodels.Theresultsshow

that
Ô¸Õ=Ö ��~ ½ T xv H W � is closeto

ÔÎÕ=Ö � u '�	�� � H � H�
 4 % � for the correctmodeland modelsof higher

order than the correctmodel. For modelsof lower order than the correctmodel,
Ô¸Õ=Ö ��~ ½ T xv H W �

is overestimated.This is expectedbecausebootstrapestimatesof u for lower ordermodelsare

overestimated,andconsequently, � u ' 	 � � H � H 
 4 % � is overestimated.(Recallthata highervalue

of ��~ T xv H W � implies a morestablemodel). This implies that bootstrapestimatesof ~ T xv H W for

lower ordermodelsmay biasa modelselectioncriteria towardslower ordermodels. As shown

later, thisbiasis effectively compensatedby theaccuracy termanddoesnot poseaproblem[12].

4.2 Bootstrap criteria for data without outliers

As mentionedin sec.3.1.4,the informationtheoreticcriteriaarein the form of a penalizedlike-

lihood, balancingbetweenaccuracy of the fit and stability or complexity of the model. When

errordistributionsareunknown, thetwo quantitiesmustbeapproximatedusingbootstrapstatistics

andbasedon weakassumptionsregardingthedata.First considertheaccuracy termgivenby the

likelihood.Whenerrorsareunknown anddo not containoutliers,OLS is usedfor parameteresti-

mation.Moresophisticatedestimators,suchasMLE or M-estimatorscannotbeusedbecausethey

assumespecificerrordistributions.Besides,theseestimatorsarenotnecessarybecauseOLSgives

unbiased,minimumvarianceestimates[32, page172]evenwith ourweakassumptionsaboutsen-

sornoise.Theaccuracy of themodelgiventhedatamaythenbemeasuredusingthenormalized
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residualsumof squares,makingprior knowledgeof error distributionsunnecessary. Therefore,

we replacethe modelaccuracy term
Ô¸Õ=Ö z T xv H W with Ú {}| | H�� u ' . But, u is still unknown. As

demonstratedin sec.4.1, however, u ½H valuesestimatedusingthe correctmodelandthoseusing

any modelof higherorderthanthecorrectmodelarecloseto eachotherandto thetrue u . Thus,

for ý Z � w ! \ w % \ w ' \ w ) � , u ½H�� canbeusedasa goodestimateof u . As such,theaccuracy

termin thebootstrapcriteriais givenby Ú {}|<| H�� u ½H�� ' .
The stability or complexity term for the information theoreticcriteria requiresonly

¼ H for

AIC,
¼ H and� for BIC andCAIC, makingeachindependentof theerrordistribution.For bootstrap

versionsof BAYESandRISSthestabilityorcomplexity termdependson ~ T xv H W whichis replaced

by its bootstrapestimate~ ½ T xv H W . ThebootstrappedBayesianmodelselectioncriterion,whichwe

call, BMSC-BAYES, is obtainedby takingthenaturallogarithmof (5), replacing
ÔÎÕ=Ö z T xv H W withÚ {}|<| H�� u ½H�� ' and x~ T xv H W with ~ ½ T xv H W , yielding

BMSC-BAYESH Z ¼ H� ÔÎÕ=Ö ��� Ú {}|<| Hu ½H�� ' × �� ÔÎÕ=Ö ��~ ½ T xv H W � ` (16)

Similarly, RISS(11)canbeapproximatedas

BMSC-RISSH Z {}|<| Hu ½H�� ' × ¼ H� Ô¸Õ=Ö '���� xv � H ��~ ½ T xv H W � 4 % xv H� ×"!$#�% ' � T'& 1 2 W ` (17)

Note that while BMSC-BAYES needsto be maximized,BMSC-RISSneedsto be minimized.

Thesecriteriacanbeusedwhenerrorcharacteristicsareunknown or unreliable.

4.3 Bootstrap criteria for data with outliers

Whendatais contaminatedby outliers, v H cannotbeestimatedusingOLS,androbustparameter

estimationtechniquesmustbeused.Althoughthebootstrapprinciple is independentof parame-
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ter estimationtechniques,mostrobustestimationtechniques,suchasM-estimators,make strong

assumptionsregardingthenoisein thedata.As such,thesetechniquescannotbeusedwhenerror

distributionsareunreliableor unknown. However, LMS (seesec.1) is robust in the presenceof

outliers,andonly assumeserrorsareindependentandidenticallydistributed. Therefore,LMS is

usedfor estimating xv H andthebootstrapparametersxv ½ %�H \l`�`(`�\ xv ½� H . This is not sufficient,how-

ever: boththeaccuracy andstability termsbehavedifferentlyin thepresenceof outliers,soneither

(16)nor (17)maybeusedfor modelselection.

Letusconsider, in turn,themeasuresof accuracy andstability. First,considertheaccuracy term

givenby {}|<| H�� u ½H�� ' . Thedenominatorterm, u ½H�� , cannotbeaccuratelyestimatedin thepresence

of outliers.Recallfrom sec.4.1that u ½H is calculatedby finding theaveragestandarddeviation ofþ ½ %�H , `(`�` , þ ½� H . However, this approachcannotbeusedin thepresenceof outliersbecausesome� ½ s in þ ½6 H will correspondto outlierswhile otherswill correspondto inliers. Calculatingu ½H by

finding theaveragestandarddeviation using � ½ s in þ ½6 H which areinliers doesnot give a reliable

estimateof u , yieldingworseestimateswith increasein thepercentageof outliers.In this section,

therefore,wesimplyuse{}| | H normalizedby thenumberof degreesof freedom,
T � Ú ¼ H W , asthe

accuracy termin themodelselectioncriteria.

For the stability term, we have seenin sec.4.2 that in the absenceof outliers
Ô¸Õ=Ö ��~ ½ T xv H W �

is closeto
Ô¸Õ=Ö � u '(	)� � H � H

 4 % � for the correctmodeland for modelsof higherorder than the

correctmodel. For modelsof lower orderthanthecorrectmodel,
ÔÎÕFÖ ��~ ½ T xv H W � is overestimated.

However, asthefractionof outliersin thedataincreases,thecorrectmodelandhigherordermodels

startoverestimating
ÔÎÕFÖ ��~ ½ T xv H W � [12]. But, this moderateincreasein

Ô¸Õ=Ö ��~ ½ T xv H W � doesnot bias

the criteria towardsany particularmodel. As such,measuresof stability usedin the bootstrap
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criteriaof sec.4.2areleft unaltered.

Thus,whenthedatacontainsoutliers,thebootstrapcriteriaareobtainedbyreplacing{}|<| H�� u ½H �
with {}|<| H�� T � Ú ¼ H W in (16)and(17):

BMSC-BAYESH Z ¼ H� Ô¸Õ=Ö �*� Ú {}|<| H� Ú ¼ H × �� ÔÎÕFÖ ��~ ½ T xv H W � \ and (18)

BMSC-RISSH Z {}|<| H� Ú ¼ H × ¼ H� Ô¸Õ=Ö ' ��� xv � H ��~ ½ T xv H W � 4 % xv H
 ×"!$#�% ' � T'& 1n2 W ` (19)

Figures7 shows how BMSC-BAYES balancesbetweenaccuracy andstability. Figures7(a)

and(b) show the interactionbetweenaccuracy andstability termswith about5% outliersin the

data.Observe thelargejumpsin theaccuracy termuntil thecorrectmodelis reached,afterwhich

theaccuracy termdoesnot changemuch. It is left to thestability termto distinguishbetweenthe

correctmodelandotherhigherordermodels.This behavior is repeatedin figs. 7(c) and(d) with

30%outliers.

5 Newrules for surfacemerging

This sectionextendsthe model selectionframework to develop new rules for merging surface

patchesto a singlesurfacedescription.We assumethatsmall surfacepatcheshave alreadybeen

estimatedusingdifferentapproachessummarizedin theintroduction,andthesesurfacepatchesdo

not undersegmentthescene,i.e, they do not bridgediscontinuities.For the following discussion,

weonly considerthecoreproblemof merging two surfacepatches.

To definethe problemprecisely, supposeone surface, + , is fit to dataset �-, and another,

.
, is fit to dataset �0/ where �-,21 �0/¾�43 . The issueis to determinewhether�-, and �0/ are
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measurementsfrom thesameor differentunderlyingsurfaces.When�-, and�0/ aremeasurements

from thesamesurface,they shouldbemergedinto a singlesurface, 5 , which canuseany model� 6 �
. Let 5Ü! , ACACA , 5Ü) , correspondingto models �"! #&ACACA�#î�") , be fits to the dataset �07
�� ,28 � / . Surfacemerging involvesachoicebetweenselecting�9+ # . * for � , and � / or any one

of 5Ü! , 5 % , 5Ü' , and 5Ü) for �07 .

5.1 Newrules basedon information-theoretic criteria

As seenin sec.3.1, differentinformationtheoreticcriteria compareBayesianprobabilities,K-L

distances,or minimum descriptionlengthsto selectthe bestmodel from w ! , w % , w ' , and w ) .
For surfacemerging,we extendthis notion,andcomparethesamequantitiesto selectmodels� ,
and � / together, which preservesthe two separatesurfaces,or to selectany oneof modelsw ! ,`�`�` , w ) for thedataset �07 �Æ� ,;: � / , thereby, merging thetwo surfaces.To do this,measuresof

probabilities,K-L distances,anddescriptionlengthsmustbeformulatedfor � , and� / combined.

Since �-, and �0/ are disjoint, � , �-,��0/ � �<,0#$�=/p#n�F. �g� , �-,B� �<,0#n�=."� , �0/¿� �=/B#n�F. . Similarly,

evaluatingatmaximumlikelihoodestimatestheK-L distancealsoreducesto G , ©J , #3J ½ .�dîG , ©J / #3J ½ . .
Finally, in the MDL case>ÒrCMÃH�? ø H�@ is simply equalto >ÒrCMÃH�? dA>ÒrCMÃH�@ . Basedon this, merging

decisionsfor Bayesianprobabilities,K-L distances,andMDLs mayberepresentedas

BDC�E �KT � TGF , � w , \IHhW � TGF / � w / \JHKWEW \ � TKF � w H�� \JHKW�\�`(`�`À\ � TKF � w H�� \JHKW �S\
BMLON �KT ¼ T xv , \ v�½ W�× ¼ T xv / \ v�½ WEW�\ ¼ T xv H�� \ v�½ W \�`�`�`�\ ¼ T xv H�� \ v�½ W �S\
BMLON �KT ! � � H ? ×P! � � H @ W�\(! � � H�� \ `(`�`�\Q! � � H�� �S\
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respectively. Replacingthemodelselectioncriteriaof sec.3 in theappropriatedecisionfunctions

above, we get merging rulesbasedon AIC3, CAIC, BAYES4, BIC, andRISS.For formulating

mergingrulebasedonbootstrapcriteriaBMSC-BAYESandBMSC-RISS,notethatthey arebased

on the logarithmof theBayesianprobability, � , ��� ��#n�F. , andMDL, >Ór MÃH , respectively. As such,

thecorrespondingmerging rulesaresimilar to theBayesianandMDL rules:

R�SUTWVYX BMSC-BAYESZ\[ BMSC-BAYES]_^a` BMSC-BAYESb�cQ`edfded�` BMSC-BAYESb�gUh
R�SUTiVjX BMSC-RISSZ-[ BMSC-RISS]_^a` BMSC-RISSb�cU`edfded�` BMSC-RISSb�gJh

5.2 Merging rules fr om hypothesistests

This sectionformulatessimple merging rules using the hypothesistestingcriteria discussedin

sec.3.2. ThetestsRUNS,CHI, CR,andCSRmayeachrejectall candidatemodels,andtherefore,

it is possiblethatnomodelis selected.Basedon thiseachmaybeextendedto amerging rule that

merges+ and
.

to 5 if andonly if amodelfrom
�

is selectedfor 5 . Notehow theserulesdonot

useany informationfrom thefittedsurfaces+ and
.

.

Our merging rule basedon the F-testworks in two steps. In the first step,it checksif the

parametersof surface + arewithin the 95%confidenceinterval of the parametersof
.

(or vice-

3It canbeshown thattheoptimizationfunctionusedin [29] maybeusedfor mergingsurfaces,andis similar to the

mergingrulebasedonAIC [12].
4In surfacereconstruction,asimilarBayesianmergingapproachhasbeenusedin [27]. However, thisapproachonly

mergessurfacescorrespondingto thesamemodel.Besides,it alsoconstrainstheparameterspacesothat klk mib�klkYnpo .
As such,thiswork canbeconsideredasa specialcaseof ours.
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versa— only onemustsucceed)[44] usingtheF statisticin [51, page97]. When + and
.

belong

to differentmodels,thetechniqueonly checksif thelower ordermodelfits within theconfidence

interval of thehigherordermodel.If thisstepdecidesthatthesurfacesbemerged,thenthesecond

stepusesFTESTof sec.3.2to find thebestmodel.

6 Factorsaffecting performance

A largenumberof modelselectioncriteriawerepresentedin sections3 and4. Thesecriteriaare

categorizedin fig. 8. Sec.5 formulatednew merging rulesbasedon thesecriteria. Thenext step

is to analyzethis wide varietyof modelselectioncriteria andmerging rules. This analysismust

studytheeffectsof severaldifferentinfluenceson theperformanceof modelselectioncriteriaand

merging rules.

1. Region size: It is easierto identify the correctmodelover a relatively larger region size.

Figures9(a)and(b) show datafrom a quadraticmodelat region sizes(a) 25 pixels,and(b)

50pixels.Observe,how thedatapointsin fig. 9(a)appearto befrom a line.

2. Underlying surface: It is difficult to identify the correctmodelfor surfaceshaving small

magnitudeparametersfor the highestorderterm. Figure10 shows noisy datapointsfrom

theline q Z � [=[ ×Á�l×sr ' � ' , at (a) r ' Z:ÚÂ[h`�[ � , (b) r ' Z:ÚÂ[h` � , (c) r ' Z ÚÂ[h`t� . Observehow

datain figs.10(a)and(b) appearto befrom a linearmodel.

3. Noiselevel: It becomesdifficult to selectthe correctmodelwith increasingnoisein data.

Figures11(a)and(b) illustratethis point with datafrom a quadraticmodelwith Gaussian
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noiseat u Z [h`�[ � and u Z [h` � , respectively. While it is easyto identify the quadratic

modelat u Z
[h`�[ � (fig. 11(a)),thedatapointsin fig. 11(b)appearto befrom a linearmodel.

Similarly, it is harderto detectadiscontinuitywith increasenoisein thedata(seefig. 12).

4. Number of alternative models: Model selectioncriteriamaybebiasedtowardslower (or

higher)orderfits. Sucha biasmaynot bedetected,for example,with datafrom a quadratic

fit (model w ' ), if ý only consistsof quadraticandcubic models, w ' and w ) . To detect

suchbiases,ý Z � w ! \ w % \ w ' \ w ) � , is usedfor experimentswith datafrom linearand

quadraticfits.

Thesameproblemoccurswith merging rules. Figure2(a)shows thecorrectrepresentation

for thedatapoints.However, fig. 2(c) alsoappearsto bea goodrepresentationfor thedata.

In this situation,a merging rule may incorrectlychooseto merge the surfacesto a single

quadraticsurface. However, if an applicationonly fits lines to the data,the choiceis only

betweenfigs.2(a)and(b), andthediscontinuityis likely to bepreserved. Theexperiments

demonstratethisby usingdifferentsetsof candidatemodels.

5. Type and magnitude of discontinuities: A goodmerging criteriamustdetectsmallmag-

nitudediscontinuities,andalsocorrectlymergeartificial (non-existent)discontinuities.The

performanceof merging criteria is characterizedby testingthemover a wide rangeof step

andcreasediscontinuities,aswell asartificial discontinuities.
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7 Experimental analysis

Basedon the above discussion,a wide rangeof experimentswereconductedto characterizethe

performanceof all criteriaoverall thefactorsinfluencingperformance.Experimentsareconducted

on bothsyntheticandsensordata. While syntheticdataallows us to testdifferentcriteriaover a

exhaustive rangeof experimentalconditions,sensordataallows us to testperformancewith data

containingsensornoise,outliers,andpotentially, otherkinds of unmodelederrors. This section

discussessomeof theseexperiments,andsummarizestheperformanceof variousmodelselection

criteriaandmerging rules.For detailsof thisexperimentalanalysisrefer[12].

7.1 Simulation Results

Themodelselectioncriteriain fig. 8 andthemergingrulesbasedonthem,makedifferentassump-

tionsaboutthedata.In orderto studytherelativeperformanceof all criteriaunderacommondata

set,thesimulationsuseaGaussiannoisemodelandprovidenoisevarianceto thecriteriathatneed

it. Thedatapointsaregeneratedusinga perspective projectionmodelwith focal length=1.77cm

andpixel size= 16u m, thecalibrationparametersof our rangesensor[40]. Theresultsarebased

on500simulations,andfor bootstrapcriteria,thenumberof bootstrapreplications,{ , is setto 200

(seesec.4). Unlessmentionedotherwise,ý Z � w ! \ w % \ w ' \ w ) � .
7.1.1 Model selection

Theexperimentsarebasedon datasetsfrom linearandquadraticmodelsgivenby � Zvr ! ×wr % � ,

and � Zxr ! ×yr % �"×Pr ' � ' , respectively.
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Effect of region sizeand u on performance: In the first setof experiments,r ! Z � [F[ and

r % Z �
(for boththemodels),and r ' Z:Úµ[K` � for thequadraticmodel.Theregionsizeis increased

from 7 pixelsto 77pixels,symmetricallyaroundtheorigin,and u is variedfrom 0.02cmto 0.1cm.

Figure13 shows percentagesuccessof differentselectioncriteria for datafrom the linearmodel

at u Z [h`�[�� cm. Figure13(a)shows resultsfor BAYES, RISS,AIC, BIC, CAIC, andBMSC-

BAYES,andfig. 13(b)showsresultsfor RUNS,CHI, CSR-test,CR-test,F-test,andBMSC-RISS.

Theresultsin fig. 13(a)show thatRISSperformsthebest,andalthoughBAYES,BIC, andCAIC

work poorly at small region sizes,their performanceimprovesasregion sizeincreases.Thenew

bootstrapbasedcriteria,BMSC-BAYES alsoperformswell, closelyfollowing BAYES.This per-

formanceis promising,giventhatit doesnotmakeany assumptionregardingthenoisedistribution.

Thecriteriabasedonhypothesistestshaveasuccessratefrom 90to 95%.Thisis expectedbecause

they arebasedon a 95%confidenceinterval. Surprisingly, however, AIC shows a successrateof

only 80%,andtendsto choosequadraticandcubicfits overa linearfit. Althoughnot shown here,

theresultsexhibit smallimprovementsat u Zä[K`�[ � andsmalldegradationsat u Z
[h` � .
Figure14 shows correspondingperformancefor datafrom the quadraticmodel. The figure

show thattheresultsarepoorfor all criteriaatsmallregionsizes,andshow closeto “steadystate”

performance(say, within 3% of maximumsuccessrate)aftera certainminimumregion size. This

minimumregion sizechangeswith u . For example,for BAYES this sizeis 25 pixelsat u Z�[K`�[ �
cm and40 pixelsat u Z�[h` � cm. Theresultsshow severaldifferencesfrom thelinearcase.First,

with increasingu , all criteria show worseperformancefor the quadraticmodelat small region

sizes.This is notsurprisinggiventhedifficulty of seeingaquadraticfit in thedatain Figure11(b).

Second,RISSandBMSC-RISS,which performthebestfor linearmodelsevenfor smallregions,
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now performpoorly at small region sizes. This suggeststhat RISSandBMSC-RISSarebiased

towardslow ordersurfaces. But onceagain,at large region sizesBAYES, RISS,andBAYES-

BMSC performthebest.CAIC andBIC closelyfollow thesecriteria. AIC againshowsa success

rateof about80%,andtendstowardchoosingcubicfits.

Effect of changing z|{ and z�} : In this setof experiments,we vary r % for the linear model,

(keeping r ! fixed), andvary r ' for the quadraticmodel(keeping r ! and r % fixed), at u Z [K`�[��
cm anda region sizeof 25 pixels. All criteriashow poorresultsat smallmagnitudesof r % and r '
(referFigure10). Therelative performanceof differentcriteria remainsthesameasabove large

magnitudesof r % and r ' [12].

Overall performance: To summarize,most criteria perform well at moderateregion sizes

(greaterthan25 pixels)undermoderatenoiselevels,andtheperformanceof all criteriadropsat

small region sizes,high valuesof u , andat low magnitudesof r % and r ' . Intuitively, the results

matchour own ability to detectmodelsfrom sampledatain figs.9, 10, and11. As far asspecific

criteriaareconcerned,BAYES, BMSC-BAYES, andCAIC performthebest,theperformanceof

BIC is only slightly worse.BAYES andBMSC-BAYES outperformCAIC at larger region sizes.

AIC seemsto overfit, while RISSshows a slight biastowardslower ordersurfaces.Thesecond

columnof table3 givesaqualitativesummaryof relativeperformance.

7.1.2 SurfaceMerging

This sectioncomparestheperformanceof differentmerging rulesintroducedin sec.5 on surface

fits with stepandcreasediscontinuities(seeFigure15),andartificial discontinuities(formedwhen

~ Z
[ or � Zä[ ). Theexperimentsarebasedondatageneratedfrom linearmodels.
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Stepdiscontinuities: For stepdiscontinuities,dataaregeneratedfrom thefollowing two sur-

faces:

�4� � Z T3� [F[}Ú ~ ��W�×Æ�0\"� � � Z T3� [F[Â× ~ �/W�×��0`
Thus,

�
and � areseparatedby astepheightof

~
cm.

Performance at different step heights at a relatively small region size: It is difficult to

preservesmallmagnitudediscontinuitiesat smallregionsizes.However, somemerging rulesmay

performbetterthanotherswhentheregion sizeis small. Figure16 shows thepercentagesuccess

of merging rulesin detectinga discontinuityat differentvaluesof
~ � u wheneachsurfacehasa

region sizeof 25 pixels. Figure16(a)shows theperformanceof merging rulesbasedon BAYES,

RISS,AIC, BIC, CAIC, andBMSC-BAYES, while fig. 16(b)shows theperformanceof merging

rulesbasedon RUNS, CHI, CSR-test,CR-test,F-test,andBMSC-RISS.The resultsshow that

merging rulesbasedon AIC, BIC, CAIC, BAYES,BMSC-BAYES,andF-testperformextremely

well, even at sucha small region size. Theserules detectdiscontinuitieswith 98% successat

~ Z � u and100%successat
~s� � u . In contrastto thesecriteria,RISS,CHI, CSR-test,CR-test,

andBMSC-RISSperformrelatively poorly. RISS,CHI, CSR-test,andCR-testrequire
~ Z�� u

for 100%success,BMSC-RISSrequires
~ Z�� u , andRUNS requires

~ Z �I� u . Thus,AIC, BIC,

CAIC, BAYES,BMSC-BAYES,F-testclearlyshow betterperformancethanothermerging rules.

Observe how themerging rule basedon thenewly introducedBMSC-BAYES performswell, and

is only slightly worsethanthemerging rulebasedonBAYES.

Performancewith increasingregionsizesat smallmagnitudestepheights: Theabovesetof

experimentsshowedthatataregionsizeof about25pixelsand u Zä[=[�� cm,eventhebestmerging

rulesperformwell only when the stepheight is greaterthen
~ Z � u . This setof experiments
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studythe performanceof merging criteria at
~ Z � u whenthe region sizeis increasedfrom 36

pixels to 102 pixels. The results(fig. 17(a)and (b)) show that AIC, BIC, CAIC, BAYES, and

BMSC-BAYESdetectadiscontinuitywith 100%successataregionsizeof 85pixels.Thus,given

asufficiently largeregionsize,thesecriteriacanevendetectsuchasmallmagnitudediscontinuity.

RISSandBMSC-RISSshow poor performance,detectingthe discontinuitywith 44.2%and8%

successeven at a region sizeof 102 pixels. This suggeststhat thesecriteria areslightly biased

towardsmerging surfaces.Likewise,RUNS, CHI, CR-test,andCSR-testalsoshow only 26.2%,

67.6%,75.6%,and85.8%successat 102pixels. Surprisingly, F-testshows almost100%success

beyonda region sizeof 40 pixels,suggestinga possiblebias,confirmedlater, towardpreserving

discontinuities.

Creasediscontinuities: For creasediscontinuities,we generatedatafrom the following two

equations(fig. 15(b)):

�4� � Z � [=[»×���� CWN T � � × � WC\�� � � Z � [=[»×Æ��� C�N T � � Ú � W�`
Performanceat different creaseanglesat a relatively small regionsize: As in thecaseof step

discontinuities,fig. 18 shows percentagesuccessof merging rulesin detectinga discontinuityat

differentvaluesof � wheneachsurfacehasa region sizeof 25 pixelsand u Z�[h`�[�� . Theresults

show thesameperformancetrendsasfor thestepdiscontinuity. MergingrulesbasedonAIC, BIC,

CAIC, BAYES, BMSC-BAYES, andF-testperformwell, even at sucha small region size. The

merging rule basedon F-testshows a 100%successat � Z �
degrees,while merging rulesbased

on AIC, BIC, CAIC, BAYES, BMSC-BAYES show 98%successat � Z�� degreesanda 100%

successat � Z�� degrees.Amongothermerging rules,CHI, CSR-test,andCR-testshow a 100%

successat � Z � [ degrees,RISSat � Z �=�
degrees,BMSC-RISSat � Z �I�

degrees,andRUNS
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at � Z � � degrees.Table1 shows these� valuesatdifferent u .

Performanceat different regionsizesat small magnitude creaseangles: Theabove setof

experimentsshowedthatat a region sizeof about25 pixels,eventhebestmerging rulesperform

well only when � is greaterthan6 degrees. This setof experimentsstudy the performanceof

merging rulesat extremelysmallmagnitudecreasediscontinuitieswhenthe region sizefor each

surfaceis increasedfrom 36 pixelsto 102pixels. Figures19(a)and(b) show theperformanceof

mergingruleswith increasingregionsizeat � Z �
degree.Theresultsshow thatAIC, BIC, CAIC,

BAYES,andBMSC-BAYESdetectadiscontinuitywith 100%successata regionsizeof about60

pixels.Notehow all theserulescandetectsucha smallmagnitudediscontinuity, whengivendata

from asufficiently largeregionsize.Ontheotherhand,F-testalwaysshowsa100%success,while

RISSandBMSC-RISSshow 100%successbeyondregion sizesof 78 and84pixels,respectively.

CHI andCR-testshow 100%successbeyond region sizesof 90 pixels,while CSR-testshows a

100%successat a region sizeof 78 pixels. RUNS performsthe worst, showing 98.2%success

evenata regionsizeof 102pixels.

Performance with changing model set: Figure2 illustratedthe difficulty in distinguishing

betweena quadraticmodelanda low magnitudecreasediscontinuity. To studythis point further,

thenext setof experimentsstudiestherelativeperformanceof merging rulesby using ý Z � w % �
at a region sizeof 25 pixelsand u Z [h`�[�� cm. Observe the improvedperformancein the results

shown in fig. 18(a)and (b). Here,AIC, BIC, CAIC, BAYES, andBMSC-BAYES show 100%

successat � Z �
degrees.This is a significantimprovementcomparedto 100%successat � Z �

degreeswhen ý Z � w ! \ w % \ w ' \ w ) � . Amongothermerging rules,RISS,CHI, CSR-test,and

CR-testshow a 100%successat about � Z �
degrees,andBMSC-RISSandRUNS at � Z �
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degrees.Thus,when ý Z � w % � , althoughthereis no explicit modelselection,themerging rules

basedon modelselectioncriteria give significantly improved performancefor datafrom crease

discontinuities,evenata relatively smallregionsize.

Non-existentdiscontinuities: For artificial (non-existent)discontinuities,dataaregenerated

for surfaces
�

and � from theline � Z � [=[µ× � at a region sizeof 25 pixelspersurface.Table2

shows the performanceof differentmerging rules. The resultsshow that merging rule basedon

RISS,BAYES, andBMSC-BAYES performthe best,followedby RUNS, CAIC, CHI. Merging

rulesbasedon BIC, CR-test,andCSR-testshow a modestsuccessrateof about91%. A couple

of pointsmustbementionedhere.First,RISSandBMSC-RISSwhich showedpoorperformance

whendetectingactualdiscontinuities,show 100%successwhenmerging artificial discontinuities.

This suggestsa biasin thesecriteria towardsmerging surfacefits. Second,BIC, whoseperfor-

manceis comparableto thatof BAYES,BMSC-BAYES andCAIC in preservingactualdisconti-

nuities,is only a91%successwhenmergingartificial discontinuities.ThissuggestsBIC is slightly

biasedtowardspreservingdiscontinuities.Among othermerging rules,F-test,which performed

well whendetectingdiscontinuities,only merges15.4%of theartificial discontinuities,suggesting

it is stronglybiasedtowardpreservingdiscontinuities.AIC shows only a 76.6%success.This is

because,althoughAIC mergesartificial discontinuities,it mergesthemto higherordersurfaces.

Themerging rulesshow someimprovementin resultswith increasingregion size,andshowedno

changein performancewhen u wasvariedfrom [h`�[ � cmto [h` � cm[12].

Overall performance: To summarize,theperformanceof BAYES,BMSC-BAYES,andCAIC

is the best,and that of BIC is only slightly worse. Thesecriteria work well even at relatively

smallregionsizes(25pixels).As regionsizeincreases,thecriteriacandetectextremelysmallstep
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heights(
~ Z � u at85pixels)andcreaseangles( � Z �

degreesat60pixels).BMSC-BAYESshows

consistentlygoodresultsandgivesausefulmergingrulewhensensorerrormodelsareunavailable

or unreliable.Amongothercriteria,RISSandBMSC-RISS,with abiastowardsmergingsurfaces,

only show averagebehavior. F-testand AIC do not perform well for artificial discontinuities.

While F-testis biasedtowardspreservingdiscontinuities,AIC mergesto higherordersurfaces.

RUNS,CHI, CSR-test,andCR-testarealsomoderatelybiasedtowardsmerging surfacesat small

region sizes. This is expectedbecausethesemerging rulesdo not useany informationfrom the

old fits, but only look atfindingapossiblemodelfor thecombineddataset.Finally, mergingrules

performextremelywell at creasediscontinuitieswhenthe quadraticmodel is not presentin ý .

Thethird columnof table3 givesaqualitativesummaryof relativeperformances.

7.2 Resultsusingsensordata

This sectioncomparesperformanceof modelselectioncriteriaandmerging ruleson sensordata.

Thisallowsusto testperformancewith datacontainingbothsmall-scalerandomnoiseandoutliers.

This noisemayoftenbedifficult to modelaccurately, andpotentially, theremight beunmodeled

errorsin thedata.Thus,usingsensordata,performancemaybetestedundermorerealisticcondi-

tions.Certainlyall criteriain fig. 8 canbeusedhere.However, sincesensordatacontainsoutliers,

only robust modelselectioncriteria canbe usedfor modelselection. As such,only AIC, BIC,

CAIC, BAYES, BMSC-BAYES, BMSC-RISS,andRUNS, andmerging rulesbasedon themare

comparedin this section.We compareperformanceusingPerceptrontestdatasetsfrom theUSF

SegmentationComparisonProject[25]. The datasets,consistingof planarsurfaces,arepartic-

ularly useful for modelselectionexperimentsbecauseground-truthsegmentsareprovided. For
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model selection,the experimentstake datafrom eachground-truthsegmentand determinethe

bestmodelthat describesthe datausingthe differentmodelselectioncriteria. The experiments

arerepeatedusingdatafrom testregionsof differentsizeswithin certainsegments. To test the

performanceof merging criteriaon realdiscontinuities,adjacentgroundtruth segmentsaretested

for merging by eachmerging criteria. Likewise,to testperformancenon-existentdiscontinuities,

adjacentregionswithin certainsegmentsaretestedfor mergingby eachmerging criteria.

Model selection: In the first setof experiments,modelselectioncriteria areappliedto data

from groundtruthsegmentsin thedifferentimages.Theresultsareshown for images20(a)(Image

1) and 21(a)(Image2) (the correspondinggroundtruth segmentsareshown in figs. 20(b) and

21(b)).Table4(a)showsthegroundtruthsegmentsidentifiedasnon-planarfor datafrom segments

in Image1 using ý Z � w ! \ w % \ w ' \ w ) � . Figure4(b) shows thecorrespondingresultswhený is reducedto
� w % \ w ' � . For understandingthe performanceof modelselectioncriteria with

increasingregion sizes,eachtableis divided into threeparts. The first columnshows the small

segments( ��� TV� ��� � �=W ) identifiedincorrectlyby thedifferentcriteria,while thesecondandthe

third columnsshow themedium( �s� T �F[<���F[�W ) andlargesegments( ��� Z T �F[<���F[�W ) identified

incorrectlyby differentcriteria. Theresultsshow thatall criteriafail to identify thecorrectmodel

at smallregion sizes,tendingto selectthelower ordermodel w ! . When w ! is removedfrom ý ,

theperformancefor mostcriteriaimprovesconsiderably(Table4(b)). At mediumto largesegment

sizes,BAYESperformthebest,followedbyBMSC-BAYES,BIC, CAIC, andRUNS.Observehow

BMSC-BAYES identifiesall mediumandlargesegments,exceptsegment20, correctly. Segment

20,closeto beingnormalto thedepthaxis,is identifiedas w ! by BMSC-BAYES;theplanarmodel

is selectedwhen w ! is removedfrom ý in table4(b). Table5(a)and(b) show theresultsfor Image
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2. Theresultsshow poorperformanceof all criteriaat small region sizes.Amongthese,RISSis

mostadverselyaffected,selectingw ! over w % for nearlyall small segmentsin the image. For

mediumto largesegments,BAYES,BMSC-BAYES,RUNS,CAIC, BIC, andRISSperformwell.

BMSC-RISSagainidentifiesseveralsegmentsincorrectly, thecorrectmodelbeingselectedoncew ! is removedfrom ý . ThisagainshowsBMSC-RISS’sstrongbiastowardslowerordersurfaces.

Overall, theresultsshow severalsimilaritieswith resultsusingsyntheticdata.First,all criteria

work poorly in smallregions.Second,AIC continuesto show biastowardshigherordersurfaces,

andRISSandBMSC-RISSshow biastowardslower ordersurfaces.Third, BMSC-BAYES and

BAYESconsistentlyperformthebest,followedby CAIC, BIC, andRUNS.

A closerlook at the performanceof BAYES andBMSC-BAYES is warranted. In Image2,

Segment16 is identifiedincorrectlyby BAYES.However, this is thesamesegmentassegment17

in Image1 which is correctlyidentifiedasplanarby BAYES. (In [12, page112] we show similar

observationsfor othersegmentsover a large numberof images.)All theseincorrectlyidentified

segmentshave onething in common:thesurfacescorrespondingto thesesegmentshave normals

closeto the � or q axis,or in otherwords,thesesurfacesextendprimarilyalongthedepthdirection.

As such,it is unlikely thatthenoisedistributionof suchsurfacescanbemodeledas y -distributedin

thedepthdirection.BAYESandotherinformationtheoreticcriteria,beingcloselytied to thenoise

distributionof thedata,therefore,makeerrorsatsuchsurfaces.Thebootstrapprinciple,evidently,

determinesa betterdistribution of the noisein the data,leadingto a correctmodelselectionby

BMSC-BAYES for thesesegments.Thus,the experimentsclearlydemonstratethe usefulnessof

bootstrapcriteriawhennoisemodelsareinaccurateor unreliable.However, BMSC-BAYES also

identifiessomesegmentsincorrectly. Observe thatseveralof thesesegments(20 in Image1, and
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12 in Image2) areapproximatelyperpendicularto thedepthaxis,leadingto a zeroth-ordermodel

beingselectionover a planarmodel.Thesesegmentsarecorrectlyidentifiedasplanarwhen ý is

reducedto
� w % \ w ' � .

Thesecondsetof experimentstestthedifferentcriteriaondatafrom squareregionsof progres-

sively increasingsizes,startingfrom thepixelsmarked’x’ in segments19,24,and37in fig. 21(b).

Onceagain,all criteriado a poorjob in selectingthecorrectmodelwhentheregion sizeis small,

andshow improvedperformanceastheregion sizeis increased.Table8 shows theminimumre-

gionsizerequiredby eachcriteriain orderto selectthecorrectmodel.Theresultsshow thatRUNS

workswell for relatively small region size. AIC follows next, althoughit quickly startsselecting

quadraticandcubicmodelsasregion sizeincreases.BAYES,BIC, andCAIC show averageper-

formance,while BMSC-BAYESandRISSrequirearelatively largeregionregionsizefor selecting

the correctmodel. BMSC-RISSrequiresthe largestregion sizefor all criteria andcannotselect

the correctmodel for segment19. Observe that, in general,the minimum region size required

for segment19 is thelargestbecauseit is almostfronto-parallel(perpendicularto thedepthaxis),

andmodelselectioncriteria tendto select w ! over w % even for relatively large region sizes. In

contrast,segment37 is almostalong the depthaxis, and the modelselectioncriteria detectthe

correctmodel,evenat small region sizes.Observe how BMSC-BAYES which requiresrelatively

largeregion sizesin segments19 and24, detectsthecorrectmodelwith a region sizeof
�=� � �F�

in segment37. When ý is reducedto
� w % \ w ' � , all criteriaselectthe correctmodelbeyonda

regionsizeof
� [�� � [ .

To summarize,thebehavior of modelselectioncriteriaon sensordatais similar to thesimula-

tion results.All criteriawork poorlyatsmallregionsizesandperformwell assegmentsgetlarger.
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BMSC-BAYES andBAYES performthe best,with RUNS, CAIC andBIC only slightly worse.

AIC, RISS,andBMSC-RISSperformpoorly. The performanceof BMSC-BAYES, which was

introducedhere,is especiallypromising,sinceit maybeusedwhennoisemodelsareunavailable

or unreliable.Table9 summarizestherelativeperformanceof thedifferentcriteria.

Merging surfaces: This sectioncomparestheperformanceof merging rulesondatafrom dif-

ferentimageregionsin images1and2. Thefirst setof experimentstesttheperformanceof merging

criteriaonrealdiscontinuitiesby attemptingto mergeeachgroundtruthsegmentwith adjacentseg-

ments.Table6(a)and(b) shows thepairsof segmentsincorrectlymergedby thedifferentcriteria

for Image1 using ý Z � w ! \ w % \ w ' \ w ) � and ý Z � w % � , respectively. To studythebehavior

of merging ruleswhenmerging segmentsof differentsizes,eachtableis dividedinto threeparts.

Thefirst columntabulatesall incorrectmergesinvolving smallsegments,thesecondcolumntab-

ulatesall incorrectmergesbetweenmediumsegmentsandbetweenmediumandlargesegments,

while thethird columntabulatesall mergesbetweenlargesegments.In theseexperiments,there-

sultswereidenticalfor AIC, BIC, CAIC, BAYES,andRISS.As such,they aretogetherreferredto

as“info-th” in thetables.Theresultsshow thesecriteriaperformextremelywell, preservingall the

discontinuitiesin theimage.Observe how thesegmentpairsin the“nut” (involving segments21,

22, 23, 24) arealsopreservedby thesecriteria. BMSC-BAYES mergestheextremelysmall seg-

ments,21and23, to adjacentsegments.However, it preservesthecreasediscontinuityformedby

segments22and24insidethenut. BMSC-BAYESpreservesall otherdiscontinuitiesin theimage.

Similarly, RUNSmergessmallsegments,21and22 to adjacentsegments,but preservesthecrease

discontinuitybetweensegments23 and24. All otherdiscontinuitiesin the imagearepreserved

by RUNS.BMSC-RISSalsohasproblemsat smallregion sizes,but in addition,it mergesseveral
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mediumsizedsegmentsto adjacentsegments.The resultsonly improve marginally when ý is

reducedto
� w % � . Table7 showstheperformanceof merging rulesonground-truthsegmentsfrom

Image2. Onceagainthe information-theoreticcriteriaperformthebest,only merging extremely

smallsegments.BMSC-BAYESis only slightly worse,incorrectlymergingsegmentpairs(11,40)

and(15, 21). BMSC-RISSperformstheworstmerging a largenumberof small segmentsto ad-

jacentsegments.It alsomergessegmentpairs(30,33), (17,19),and(24,25),with only marginal

improvementin performanceevenwhen ý is reducedto
� w % � . This againshowsBMSC-RISS’s

strongbiastowardsmerging surfaces. RUNS shows averageperformance,merging somesmall

andlargesegmentpairs.However, all discontinuitiesbetweenlargesegmentsarepreservedwhený is reducedto
� w % � .

Thenext experimentteststheperformanceof merging ruleson artificial discontinuities.The

mergingrulesaretestedonadjacentregionsof progressively increasingregionsizes,startingfrom

pixel marked’x’ in segments19, 24, and37 in Image2. At small region sizes,althoughall rules

merge the two surfaces,they do not merge them to the correctmodel. Other thanone or two

exceptions,theregionsarecorrectlymergedby thecriteriawhenthecombinedregionsizereaches

thoseshown in table8. Most criteriaperformreasonablywell. However, BMSC-RISSandRISS

shows a biastowardslowerordersurfaces,while AIC, mergesregionsto a higherordermodelas

theregionsizeincreases.

To summarize,mostmerging ruleswork well with moderateto largesegmentsizes,andhave

problemsat small region sizes.Amongthese,BAYES,CAIC, andBIC performthebest,closely

followedby BMSC-BAYES.RUNSshowsaverageperformancemerginglargesegmentswith rela-

tively smallmagnitudediscontinuities.RISSandAIC donotmergesurfaceswith artificial discon-
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tinuitiesto thecorrectmodelat smallregionsizes,againshowing a biastowardslowerandhigher

ordersurfaces,respectively. BMSC-RISSdoesnot performwell showing a strongbiastowards

merging surfaces.Basedon theabove results,table9 givesa qualitativeperformancesummaryof

merging rules.

8 Discussion,Summary, and Conclusion

This paperhasstudiedmodelselectionin thecontext of rangeimagesegmentationalgorithms.It

hascharacterizedtheadvantagesandlimitationsof existingcriteria,introducedpromisingcriteria

from thestatisticsliterature,anddevelopednovel bootstrapbasedcriteriausingsomeof them.The

paperhasformulatedtheoreticallyrigorousandeffective rulesfor merging surfacesby extending

modelselectiontechniques.The new andexisting criteria werecomparedover a wide rangeof

underlyingsurfaces,over differentregion sizes,with differentnoiselevels,usingseveral setsof

alternativemodels,andusingbothsyntheticandsensordata.Theresultsshow thatalthoughsome

modelselectioncriteriaandmerging rulesdefinitelyperformbetterthanothers,amoderateregion

sizeis crucialto theperformanceof all techniques.Unfortunately, thereis nogoodwayof quanti-

fying small,moderate,andlarge. As roughindicators,a moderateregion sizeis 25 pixelsfor the

simulateddataand(25 x 25) pixelsfor thePerceptrontestdata.Theresultalsoshow thatBMSC-

BAYES introducedin this paperand BAYES adaptedfrom the statisticsliteratureconsistently

show goodperformance.The informationtheoreticmerging rulesformulatedin this paperper-

form well evenat relatively smallstepsizes(
~ Z � u ) andcreasediscontinuities( � Z �

degrees),

andconsistentlymergeartificial discontinuities.Unfortunately, noneof themodelselectioncrite-
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ria andnew merging ruleswork aswell asdesired.Basedon theseresults,we make thefollowing

recommendationswhenchoosingamongthem.

� Whenthenoisedistributionof thedatais knownor canbecloselyapproximated,BAYESis a

goodchoicefor modelselectionandsurfacemerging. Lookingat thequalitativesummaries

in tables3, and9, BAYESshowsgoodperformancein all cases.However, BAYESrequires

estimating��~ T��v H W � . Therefore,for time-sensitiveapplicationsCAIC is agoodalternative.

� Whennoisedistribution is not known or cannotbe closelyapproximated,BMSC-BAYES

introducedin this paperis a goodchoice. Although, this techniqueis computationallyex-

pensive,it is easilyparellelizable.

� AIC andRISSshouldin generalbeavoided.

Theseresultshave severalimplicationsin improving existing segmentationalgorithms,aswell as

designingnew algorithms.

1. Modelselectioncriteriabasedonconfidenceintervals,traditionallyusedin computervision

algorithms[4, 8, 29, 47, 52], shouldbeavoidedandinformationtheoreticmodelselection

criteria,preferablyBAYESandCAIC, usedinstead.

2. Existingmerging techniqueswhich arebasedon heuristicsandthresholdsmustbetunedto

specificapplications. Suchtechniquesshouldbe replacedwith the new merging rules to

detectsmallmagnitudediscontinuities.

3. Model selectionandmerging do not work well at small region sizes. Segmentationalgo-

rithmsshouldonly fit, for example,a linearmodelto smallwindowsandsmallseedregions,
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andusemodelselectionandmergingonly onmoderateto largeregionsizes.
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criteria min. � (in degrees) criteria min. � (in degrees)� =0.02 � n��*d �j� � n���d�o � =0.02 � n���d ��� � n��*dlo
BAYES 3 8 15 RUNS 9 15 27
RISS 4.5 11 18 CHI 4.5 10 21
AIC 3.5 8 15 CSR-test 4 10 18
BIC 3 8 15 CR-test 4 10 18
CAIC 3.5 8 15 F-test 2 4 10
BMSC-BAYES 3 8 15 BMSC-RISS 6 12 24

Table1: Performanceof merging rulesat creasediscontinuitieswith changing� . Tableshows
the minimum � requiredby merging rulesto correctlydetecta creasediscontinuitywith 100%
success.

rule % success rule % success

BAYES 99.4 RUNS 96.6
RISS 100.0 CHI 94.4
AIC 76.6 CSR-test 90.8
BIC 91.4 CR-test 91.4
CAIC 96.0 F-test 15.4
BMSC-BAYES 98.8 BMSC-RISS 100

Table2: Percentagesuccessin mergingartificial discontinuitiesto fit from correctmodel.

Modelselection Mergingrules

Good BAYES,BMSC-BAYES,CAIC, BIC BAYES,BMSC-BAYES,CAIC
Average RISS,BMSC-RISS,RUNS,CHI, BIC, RISS,BMSC-RISS,RUNS,

CSR-test,CR-test,F-test CHI, CSR-test,CR-test
Poor AIC AIC, F-test

Table3: Overallperformanceof modelselectionandmergingcriteriausingdatawith Gaussianerrors.
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segmentsidentifiedincorrectly
criteria small med. large
AIC 23,24 22 16
BIC 23,26 16
CAIC 23,26 16
BAYES 23,26
RISS 21,23,26 13,20 14
BMSC-BAYES 21,23 20
BMSC-RISS 26 20 12
RUNS 21,23 10

(a) ��n Vf�0  ` �2¡ ` �2¢ ` �\£ h

segmentsidentifiedincorrectly
small med. large

22 16
16
16

21,23

21,23 10

(b) �¤n Vf�0  ` �2¡ h
Table4: Modelselectionresultsfor Image1.

segmentsidentifiedincorrectly
criteria small med. large
AIC 13,31,34,35,36,40,41 33 10,16,18,25,28,29
BIC 13,31,34,35,36,40,41 33 16,28,29
CAIC 13,31,32,34,35,36,40,41 16,28,29
BAYES 13,31,32,34,35,40,41 16,29
RISS 13,20,31,32,34,35,36 21,33 16,29

38,40,41
BMSC-BAYES 15,34,36,40,41 21 10,12,25
BMSC-RISS 15,20,34,36,38,41 21,33 10,12,19,25,30
RUNS 34,35,36,38,40,41 18,19,24

(a) �¤n Vf�0  ` �2¡ ` �2¢ ` �\£ h

segmentsidentifiedincorrectly
small med. large
40,41 33 10,16,18,28
41 33 16,28

16,28
41 16

16

15,40,41

40,41 18,19,24

(b) �¤n Vf�0  ` �2¡ h
Table5: Modelselectionresultsfor Image2.

segmentsmergedincorrectly
mergesinvolving

criteria small med. large
info-th
BMSC-BAYES (17,21),(17,23), (21,22)
BMSC-RISS (17,21),(17,23), (17,18)

(17,24),(21,22) (17,19)
(22,24) (17,22)

RUNS (17,21),(21,22), (22,24)

(a) �¤n Vf�\¥ ` �0  ` �2¡ ` �2¢ h

segmentsmergedincorrectly
mergesinvolving

small med. large

(17,21), (17,23)
(17,21), (17,23), (17,18),
(17,24), (22,24) (17,19)

(17,22)
(17,21)

(b) �¦n VI�-  h
Table6: Merging resultsfor Image1
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segmentsmergedincorrectly
mergesinvolving

criteria small med. large
inf-th (34,36)
BMSC-BAYES (11,40),(15,21)
BMSC-RISS (11,40),(15,20),(15,21) (30,33) (17,19)

(16,20),(16,21),(20,21), (24,25)
(25,41),(28,32),(33,34),
(33,35),(33,36),(34,35)
(34,36)

RUNS (11,40),(25,41),(34,36) (23,35)
(22,23)

(a) �¤n Vf�\¥ ` �0  ` �2¡ ` �2¢ h

segmentsmergedincorrectly
mergesinvolving

small med. large
(34,36)
(11,40),(15,21)
(11,40),(15,20),(15,21) (30,33) (17,19),
(16,21),(20,21),(25,41), (24,25)
(28,32),(33,34),(33,35),
(33,36),(34,35),(34,36)

(11,40),(25,41),(34,36)

(b) �¤n VI�-  h
Table7: Merging resultsfor Image2

criteria 19 24 37

AIC 14x 14 22x 22 14x 14
CAIC 38x 38 22x 22 14x 14
BIC 38x 38 22x 22 14x 14
BAYES 38x 38 22x 22 14x 14
RISS 70x 70 26x 26 22x 22
BMSC-BAYES 89x 89 38x 38 22x 22
BMSC-RISS - 78x 78 34x 34
RUNS 10x 10 14x 14 10x 10

Table8: Modelselectionin smallregionsin segments19,24,and37. Regionsizein pixels.

Performance modelselection mergingrules

Good BAYES,BMSC-BAYES BAYES,BIC, CAIC, BMSC-BAYES
Average RUNS,CAIC, BIC RUNS
Poor RISS,BMSC-RISS,AIC AIC, RISS,BMSC-RISS

Table9: Overallperformancefor modelselectionandsurfacemergingonPerceptrondata.
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(a) (b)

Figure1: (a) Model Selection:Determinethe correctfitting function (model)to describea dataset; (b)
SurfaceMerging: Givenpotentiallyoversegmenteddata,determineif thedatashouldberepresentedby a
singlefit or by two differentfits. Theproblemof modelselectionis implicit in merging.

(a) (b) (c)

Figure2: Model selectionandmerging techniquescanbeusedto determinethecorrectrepresen-
tationfor thedataevenatsmallmagnitudediscontinuties.
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Figure3: Shows two differentsamplingsof the sametrue datapointsandfits correspondingto
models§x¨ , §v{ , and §©} . While fit accuracy remainsalmostthesamefor eachmodelin thetwo
samplings,thefit parameterschangesubstantiallyfor §x} andremainstablefor §x¨ and §v{ .

Least-squares  fit
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Figure4: Schematicdiagramof thebootstraptechniqueadaptedfrom [19, chapter8].
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Figure5: Shows the bootstrapestimatesof ª for datafrom linearandquadraticfunctionsusing
differentmodels.(a)showstheresultsfor datageneratedfrom thelinearmodel,and(b) showsthe
resultsfor datageneratedfrom thequadraticmodel.
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atdifferentregionsizes.
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Figure7: Showstheperformanceof BMSC-BAYESwith differentfractionsof outliersin thedata.
Theresultsareaveragedover50simulations.
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thispaper. New merging rulesonall of themareformulatedin thispaper.
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Figure9: Sampledatafrom a quadraticmodelat region sizes(a) 25 pixels and(b) 50 pixels at¼v½¿¾;ÀO¾_Á .
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Figure11: Sampledatafrom a quadraticmodelat ªvÇ¿È;ÉOÈËÌ and ªvÇ¿È;ÉOÈÍÊ .
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Figure13: Performancewith increasingregion sizefor datafrom linearmodelat ªÐÇ¿È;ÉÑÈËÊ cm.
Datapoints aregeneratedusing Gaussiannoiseand the region size is increasedsymmetrically
aroundtheorigin from 7 to 77pixels.
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Figure14: Modelselectionwith changingregionsizefor quadraticmodelat ªvÇ¿È;ÉOÈÍÊ cm.
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Figure16: Performanceof merging rulesat stepdiscontinuities.
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Figure17: Performanceof merging rulesat stepdiscontinuitieswith increasingregion sizesatÒÔÓxÕ*Ö
.
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Figure18: Performanceof merging rulesatcreasediscontinuitieswith changing× .
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Figure19: Performanceof merging rulesat creasediscontinuitieswith increasingregion sizeatØ Ó©Õ
degrees.
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Figure20: Modelselectionresultsfor Image1
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(a) (b)

Figure21: Modelselectionresultsfor Image2
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