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Abstract

The problemof modelselectionis relevantto manyareasof computervision. Model se-
lectioncriteria havebeenusedin the visionliterature and manymore havebeenproposedn
statistics,but the relative strengthsof thesecriteria havenot beenanalyzedn vision. More
importantly suitableextensiongo thesecriteria mustbe madeto solveproblemsuniqueto
computenision. Usingthe problemof surfacereconstructiorasour contet, weanalyzeexist-
ing criteria usingsimulationsand sensordata, introducenew criteria from statistics,develop
novel criteria capableof handlingunknowrerror distributionsandoutliers, andextendmodel
selectioncriteria to apply to the surfacemenging problem. The new and existing modelse-
lection criteria and meging rules are testedover a wide range of experimentalconditions
usingboth syntheticand sensordata. Thenew surfacemeiging rulesimprove uponprevious
results,and work well evenat small stepheights(h = 20) and creasediscontinuities.Our
resultsshowthat a Bayesiarcriteria andits bootstappedvariant performthe best,although
for time-sensitivapplications a variantof the Akaile criterion maybea betterchoice Unfor-
tunately noneofthecriteria workreliably for smallregion sizesjmplyingthatmodelselection
andsurfacemeging shouldbe avoidedunlessheregion sizeis suficiently large.



Machinevision systemsextract usefulinformationfrom imagesin orderto performspecific
tasks.Estimatinga geometrianodelformsthebasisof this extractionprocessWhile somephysi-
calprocessearewell understoo@ndeasyto modelmathematicallyin mostcaseslifferentmodels
mustbefit to the dataandthe bestmodelis selectedrom thesecompetingmodels.This process,
generallyreferredas modelselection mustprecedeparameteestimationwhenthe modelis not
known apriori. It arisedn diversemachinevision problems For example thebestcameracalibra-
tion modelmustbeselectedo getunbiasedlatafrom sensorsthecorrectdeformatiormodelmust
be selectedo describedeviationsfrom CAD specificationsvheninspectingmanugcturedparts,
andsurfacesmustbe definedusingthe correctmathematicamodelin surfacereconstructiorfor
reverseengineeringand 3D modeling.While the problemof parameteestimationis well studied
in computervision [8, 9, 33, 34,42, 43], the associateghroblemof modelselectionhasonly re-
ceivedrecentattentionin theliterature[13, 49]. Yetwithout goodsolutionsto the modelselection

problem the estimategarametersave little meaning.

Model selectioncriteriain vision have differentorigins. Many of thesecriteria are heuris-
tics [6, 8, 39, 47] andsomerely on userdefinedthresholds.Others,especiallyrecentones,are
applicationsof statisticalandinformationtheoreticcriteria [7, 9, 17, 28, 29, 30, 45,52,53]. Un-
fortunately theadwantagesndlimitationsof thesecriteriain computewision algorithmshave not
beencarefully analyzed. Most do not work well for small region sizes,mary make errorsnear
smallmagnitudediscontinuitiesandsomearebiasediowardshigheror lower ordermodels.Fur-
ther, modelselectioncriteriain vision musttolerateoutliers[9, 17], unknavn noisedistributions,

andotherkindsof unmodeleckerrorsin thedata[16].

Modelselectiorcriteriahave beenderivedto choosea singlemodel— e.g.aplanar quadratic,



or higherordermodel— for a given setof data,but problemssuchas surlacememging require
criteriathat candecidebetweerndescribinga datasetwith a singlemodelor partitioningthe data
setanddescribingeachwith a separatenodel(seefig. 1). Merging techniquesisedin vision are
basedonempiricalheuristicq6, 15,48, 39|, andperformpoorly at smalldiscontinuities Further
in anattemptto avoid the modelselectionproblem,mary meiging technique®nly join fits to the
samemodel[6, 15,27,48], potentiallylimiting theeffectivenes®f meiging. Hence mathematical
criteriato megeregionsandto simultaneouslylecidethe correctmodelfor ameigedregion must

beformulated.

Onecomputewnision problemwheremodelselectiorandmerging techniquesrecrucialis sur
facereconstructionMany reconstructioralgorithmsusea local-to-globalapproachn which pa-
rametetestimatiortechniquesndlocaldecisioncriteriaarecombinedn agreedysurfacerecovery
stratgy. Thisapproachnvolvesestimatingnitial surfacepatchegusinggrid technique$15, 48],
clusteringmethodq23, 39, or by regiongrowing [6, 9, 29,47]), andlater pruningredundansur
facepatcheq9, 29|, or meging artificial surfaceboundarieg6, 15, 39, 48]. In the absenceof
a priori information, modelselectionforms an importantpart of eachstep. For example,when
expanding“‘seedregions”, at eachiterationit mustbe decidedwhetherto continuegrowing using
the samemodelor to switchto a differentmodel. Whenpruningredundanftits a modelselection
criteriamay be usedexplicitly [9] or combinedwith greedysearchtechniqueg29]. Whenmeig-
ing adjacensurfacesa criterionmustbe usedto determinaf the datashouldberepresentety a

singlefit or by two or moredifferentfits.

Surfacereconstructiontherefore providesa goodcontet for studyingthemodelselectiorand

meuging problemsin computervision. Using this problemasour contet, we studythe charac-



teristicsof differentmodelselectioncriteria. We modify themfor usein the presencef outliers,
and develop new criteria basedon bootstrappedlatadistributions [19] which do not requirea
prior modelof the noisedistribution. Finally, we extendmodelselectioncriteriato develop new
techniquedor surfacememging. All newv andexisting criteria studiedin this paperarefree from
userdefined,datadependentthresholdsalthoughsomeusestatisticalthresholdgconfidencan-
tenals). We comparethe relative performanceof thesecriteria using simulateddata(containing
small-scaleGaussiarerrors),and real data(containingsmall-scalerandomerrorsand outliers).
Ourresultsshawv thatthesenew criteriamay be usedto give improved performancever existing
techniquegfor example,the discontinuityin Figure2 canbe detectedoy usingnew techniques
presentedh this paper).Theexperimenton simulatedandsensodatadeterminghe performance
of thesecriteriaunderdifferentconditions,andidentify situationsin which they performpoorly.
Theseesultsthereforemaybeusedto decideamongdifferentmodelselectiorcriteriaandmeig-

ing criteriafor differenttypesof dataandapplications.

1 Definitions

Rangeimage A rangeimageis characterizedby a pointp, = [z; 2]’ atary pixel in theimage.
For our simulationsz; will simply beascalarz;, andfor realrangeimagese; = [z; v;]7. We call
the former 2D rangeimagesandthe latter 3D rangeimages.For this paper we assumeerrorsin

rangedataareall in thedepth(z) directiort.

LErrorsin sensodataare,generally alongall coordinatedirections.But, experimentswith our sensorshaow that
for relatively smallfields of view (a viewing coneof 25 degreesor less),the errorscanbe approximatedo be along

thedepth(z) direction.Almostall otheralgorithmsassumehe same2], andhave notreportedary problems.



Candidate modelsand parameter estimation: Experimentsn this paperarebasedon data
setsfrom linear and quadraticmodels. To testperformanceof differentcriteria we usethe set
M = {my, m1,m2,m3} Of candidatenodels,wherem,; standdor theith ordermodel. Modelsm,
andm;3 areincludedin M to detectbiastowardlow or high ordermodelsin differentcriteria. The

modelsin M usediscreteorthogonabolynomialsasbasisfunctions[3, 5], andaregivenby

dm—1

2(@) =Y 0;¢;(x), m=0...3 (1)
7=0

whered,,, isthenumberof parameters themodel.Orthogonapolynomialsareusedbecauseéhey
give well-conditionedmatrices andestimationis efficient becausédit to high ordermodelsbuilds
onfits to lower ordermodels(theseconcadwantagas lost, however, whenusingrobusttechniques
becauseutliersaredeterminedlifferentlyfor differentmodels andparametersustbeestimated
separately)The parametewectoris givenby 8,, = [0, 6, ...6;,,_1]". Thesetof orthogonabasis

polynomialsg;(z), is constructedisingthen datapoints,andsatisfiegherelation[3, 12]

> (@) dg(x) =0, forp+#q. 2)

=1

In this paperwe considemodelsof the form

Z =Xy 0pn + e, (3)

whereZ containghe(n x 1) depthvalues,X,, containgn x d,,,) orthonormajpolynomialswhere
ary elementX,,(4,j) = ¢;(z;), ande = [e; ey ...e,]7 is avectorof unobsered,but independent

randomvariables Notethatthe standardieviation of noise,o, mayor maynotbeknown a priori.

Estimateof 6,, ando, obtainedby fitting modelm to the data,aredenotedby 8,, andé,,,
respectrely. Information-theoreticriteriausetheloglikelihoodof estimategarametersor model
selection hence maximumlik elihoodestimator{MLES) mustbe usedfor parameteestimation.
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We useordinaryleast-squarefor datawith Gaussiarerrors,andfollowing [9], we useiteratively
reweightedleastsquareqIRLS) [24] with an M-estimatorbasedon ¢-distribution for datawith
outliers. In the latter case,IRLS is initialized using leastmedianof squareJLMS) [33]. We
denotethe likelihood for modelm by L(8,,) andthe residualsumof squaredy RSS,,. The

covariancematrixfor 6, is givenby V' (6,,).

2 Intuition about modelselection

It is well known and easilydemonstratedhat a higher order modelfits ary dataseimore accu-
rately than a lower ordermodel. Thus, accurag as a sole measureof fit quality is ineffective
whencomparingoestfits from differentmodels it accurag mustbe combinedwith otherfit char
acteristican orderto choosethe correctmodel. Considermodelselectionfor noisy datapoints
({(1,0.8),(2,2.1),(3,2.9), (4, 3.8)}) from the straightline z = z. Figure3(a) shows the zeroth-
order(my), first-order(m,), and second-orde(m,) fits to the data. Obsenre how the quadratic
modelfits the databest,althoughthe linear modelis the correctmodel. Now consideranother
samplingof thesameine givenby ({(1, 1.1), (2, 1.8), (3, 2.8), (4, 4.1)}). Figure3(b) shons
the fits to this new setof points. In this case,the my, andm, fits remainalmostthe sameasin
fig. 3(a), but the quadraticfit changesignificantlyandflips to the otherside of thelinearfit. In
this situation,a linear modelis more“stable” thanthe quadraticandthereforeintuitively appears
to be preferabledespitebeingslightly lessaccurate An overly accuratdit alsomodelspartof the
randomnoisewhich it is supposedo remove, makingthe estimatedparametersery sensitve to

differentsamplingsof the samedatapoints.



While fit accurag hasmeasuresuchasresidualsumof squaresndlik elihoodattheestimated
parameterg¢seesec.l), measuresf modelstability arelesswell-known. For amodelto bestable,
its estimategarameterssay ,, andélm from two differentsamplingsmustbecloseto eachother
Thus,amodelthatgivesamore“‘compact”setof 8,,s dueto slightperturbationsn thedatais lik ely
to be morestable. In [12], we shawv thatthis “compactnesstanbe measuredy the covariance
matrix, V' (0,,), of the estimatecharametewector,,. In fact, the stability of a modelturnsout
to be directly proportionalto |V (8,,,)|'/2. Note that this measureof stability doesnot saythat
simplemodelsarestabler But simplermodelsindeedhave a highervalueof |V (8,,,)|'/2. Also,
two modelswith the samenumberof parameterarenot treatedequally; the modelwith a higher
valueof |V (8,,)|*/2 hasmorestability. This measuref fit stability arisesin severalinformation

theoreticcriteriain sec.3.1.

3 Model selection

This sectiongivesan overview of modelselectioncriteriain the literature. While someof these
criteria have previously beenusedin surface segmentationalgorithms,othersare new to com-
putervision andhave beenborraved from the statisticditerature. The sectionfirst introduceshe
information-theoretienodelselectiorcriteriaandthendiscussethemodelselectiorcriteriabased

on hypothesigdests.



3.1 Information-theoretic criteria

This sectiondiscussesnodelselectioncriteriabasedon Bayesrule, Kullback-Leibler(K-L) dis-
tance,andminimumdescriptionlengths(MDL), andshowns how the intuition discussedn sec. 2
tieswith differentcriteria. In eachcasewe give a brief descriptionof thebasicprinciples,discuss
the assumptionsised,and presenthe criterionfor the casewheno is known andwhenit is not

known a priori.

3.1.1 Model selectionusing Bayesrule

Criteriabasedn Bayesrule chooseéhe modelthatmaximizesheprobabilityof thedata,D, given
themodelm andprior information. This probabilityis denotedoy P(D|m, I). UsingBayesrule
(andassuminghe parametewrector 6,,, andstandardleviation of noise,os, areindependenf32,

pagel09]),
P(D|m, T) = / / P(D|0, 0, m, I) P(8n|m, I)P(c|I) dOmdo @)

P(D|0,,,0,m,I)in(4)isjustthelikelihoodL(8,,). P(8.,|m,I)isthepriorprobabilityof 8,,. Since
reconstructiormpplicationggenerallylack prior informationon parametersye usea uniform prior
oné,, (see[22, appendixA]). Whene is known, its prior, P(o|I), is adeltafunctionattheknown
o, and(4) reducego anintegral with respecto 6,, only. Solving this reducedntegral usinga

secondrderTaylor's expansiorof log L(8,,) at@,, [26, chapter24] yields
P(D|m, I) = (2m)*/2L(8,,)[|V (6..) )%, (5)

Notice how the accurag termgivenby L(6,,) andthe stability termgivenby |V (8,,)| arecom-

binedin this criteria.



Wheno is not known, we needto assignP(c|I). Again, we usenon-informatve priorson
P(o|I). For the Gaussiarcase usingthe non-informatve prior 1/o for o (se€[26, chapter6, page

29]), andassigningptherprobabilitiesasbefore,(4) reducego

L((n —dm)/2)
2(dm /241 gn/2 | XT X 11/2 RSS—4m)/2

P(D|m,I) = (6)

wherel'(-) is the standardsammafunction,and RS S,, is the residualsumof squaregor model

m. Alternatively, assuminga uniform prior ono [22], (4) reducego
P(D|m, 1) = (27)*/* L(81n,6) [V (8., 6)[] /2, (7)
Thesecriteria, (5), (6) and(7), will bereferredto asBAYES.

To avoid the expenseof estimatingV (8,,,), severalasymptoticapproximationsf (5) have been

introduced A commonone,dueto Schwarz[41] is givenby
P(D|m,I) = L(B,) n~"/?, ®)

andis commonlyknown asBIC. OnceagainL(8,,, 5,,) replaced.(8,,) in (8) whens is unknown.

3.1.2 Model selectionusing K-L distance

Someof the earliestcriteria selectthe model minimizing the Kullback-Leibler(K-L) distance
d(ém, 0.). whered, representshe parametergor the “true” or geneating model The Akaike

InformationCriterion (AIC) [1] approximates(6,,, 8.) by

~

d(0,n,0,) = —21log L(0,,) + 2d,y,. (9)

While AIC hasnotbeenusedn surfacereconstruction9] usesapopularvariantof AIC, CAIC [10]

~

d(0,m,0,) ~ —2log L(8,,,) + dp(logn + 1). (10)



We studyboth CAIC andAIC here. Wheno is unknown, L(8,,, 6,,) replacesL(d,,) in (9) and

(10).

3.1.3 Model selectionusingMDL principle

A numberof modelselectiorcriteriaarebasedn the principle of minimizing thetotal numberof
bits to expressthe obsereddata. The numberof bits requiredto expressthe obsened datausing
modelm is len,, = len(&,,) + len(d,,), wherelen denoteshe lengthof the bit string requiredto
encodeary quantity Model selectioncriteriabasedon the MDL principle choosethe modelthat
minimizeslen,,. The quantitieslen(é,,,) andlen(d,,) arecalculatedusingdifferentassumptions,
giving rise to differentmodel selectioncriteria. The mostcommonof thesecriteria is due to
Rissanerj36], andis equialentto BIC, eq. (8). In [37], Rissanerderived animprovedcriterion

which chooseshe modelminimizing
o dm AT A a 15
lenm = — 10y L(Bm) + " 10gst (8, (V ()™ 81 + 10V, (11)

wherelog(t) = logy t + logy logs t + ..., includingonly its positve terms,andV,,  is thevolume

of thed,,,-dimensionalnit hyperspher§l8, page24]. Wheno is notknown, (11) becomes
ten, = ~ logy L(0m, 6) + 2 logr ([0, 61(V (0,6)) ™ (B, o17) +logrVa,. (12)

Note againhow the measure®f accurag andstability arecombinedn criteria(11) and(12). In
surfacereconstructiona MDL criteriahasbeenusedto pruneredundansurfaceby minimizing a
guadraticoptimizationfunction[29]. Interestinglythis criteriacanbe shavn to be similarin form

to AIC [12] whichis basedn minimizingtheK-L distance.
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3.1.4 Robust modelselection

Informationtheoreticcriteria presentedn the lastthreesectionshave beentraditionally usedfor
datawithout outliers. This sectiondiscussesnodificationsto the above criteriawhenoutliersare

presenin thedata.

Althoughthe differentcriteriastartfrom differentpremisesinterestingly they all endup asa

penalizedik elihoodof theform
log L(ém) + stability or compleity term (13)

To make suchcriteriarobustin the presencef outliers,the accurag termor the stability termor
both have beenmodified by differentresearcherf9, 20, 31, 35, 38, 49, 50]. However, all these
modificationsareof anempiricalnature.A discussiorandcomparisorof theseapproachess be-
yond the scopeof the currentpaper As such,we only discussBoyer, Mirza, and Gangulys [9]
modificationto CAIC in a surfacereconstructioralgorithm. Boyer, Mirza, and Ganguly [9]
model rangedata contaminatedvith outliersto be ¢-distributed and replacethe loglikelihood,

log L(0,,, 0) in (13),with aweightedloglikelihoodfunctiongivenby

n

log L(0,,,0) —Zw(umi) P(Ums) (14)

=1
in CAIC, wherep(u.,;) is givenby
2 1 u=20

p(u) = (14 f)log (1 + u_) and w(u) =

/ v otherwise.

u

We usethis definition of log L(0,,, o) for all the informationtheoreticcriteriawheneer datais

contaminatedvith bothnoiseandoutliers.
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3.2 Model selectionusing hypothesistests

A numberof modelselectioncriteriathathave beenusedin reconstructioralgorithmsarebased
on hypothesigests. This sectionsummarizegour suchcriteria. Eachstartswith the zerothorder
modelasthe null hypothesesindmovesto the next higherordermodelwhena null hypotheses
is rejected. In thesetechniquessinceall null hypothesesnay be rejected,it is possiblethat no
modelis selectedThis sectionalsointroducesa simple,new F-testmodelselectioncriteria. This

techniquanaybeusedwhencs is unknovn andthe Chi-squarédasedechniquesannotbe used.

RUNS: Theintuition behindusinga runstestis thatlow orderincorrectmodelswill producea
large “run” (consecutie sequencedf all positive or all negative residuals.For 2D rangeimages,
thetotal numberof runs,r,,,, for ary fit 8,,, is asymptotically normallydistributedandis givenby

[11, pagesl64-170]

r ~N ( 2pmam 1 2mem(2mem —Pm — Qm)>
" Pt am  (Pm At ) (Pm A+ g — 1)

Here,p,, is thenumberof positive residualsandn,, is thenumberof negative residualsn thefit.
Thetestrejectsmodelm if r,, is notwithin a 95%level of confidence Sincethe RUNS testdoes
not generalizeo 3D rangeimagesBesl[4, pagesl50-152]introducesa heuristicapproximation.
He createdinaryimagesof positve andnegative residualserodegheimagesusinga3 x 3 kernel,
findsthelargestconnectedcomponentn eachimage,andrejectsthe null hypotheses thelarger
of thesecomponentss greaterthan2% of n. We follow this heuristicfor 3D rangeimages.The

runstestis advantageousvhenos andthe noisedistribution of the dataareunknown.

CHI: Thistestis basedn aone-way Chi-squardestandrejectsmodelm ata 95%confidence

level. It hasbeenusedby WhaiteandFerrie[52]. Theintuition is thatlow orderincorrectmodels

2For smallsamplestechniquegrom [46] and[21] maybeused.
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will producea significantover-estimateo theerrorin thedata.

CR-Test Thistestcombines<CHI andRUNS, andrejectsmodelm if bothof themfail. Thisis

themodelselectiorcriteriausedby BeslandJain[6].

CSR-Test This test,basedon Bolles andFischlers [8] test,rejectsmodelm for arny oneof
threereasons:(a) CHI fails, (b) Rejectm at 95% confidencdevel when|p,,, — n,,| > 2+/n, and
(c) Rejectm at 95% confidencdevel whenthe longestrun exceeds3.32 + log, n. For 3D range

images,we replacethe longestrun with size of the largestconnecteccomponentreatedby the

processlescribedn RUNS.

FTEST: In thistest,any modelm;, is rejectedn favor of m; if [51, page96]

(RSSmi B RSSmi+1)/((n - dmi) - (n - de—l))
RS Sy, /(1 — dynyy) > Fldyn,, , —dim; m—dm; , ):0.95° (15)

Startingwith the zeroth-ordemodel, this testcontinuesswitchingto a higherordermodeluntil

(15)is not satisfiedor until all modelsin M have beentested.

4 Model selectionusing bootstrap principle

Themodelselectiorcriteriapresentedh sec.3, with theexceptionof RUNS,implicitly assumeéhat
theerrordistributionis known a priori. Some suchasthetechniquedvasedn chi-squard¢estsand
F-testin sec.3.2 aremorerestrictve, specificallyassuminga Gaussiardistribution. In computer
vision problemshowever, errordistributionsareoftenunknovn anddifficult to modelaccurately
makingit crucialto developmodelselectiorcriteriathatdependon only weakassumptionabout

errordistributions. We addresghis problemin this sectionby deriving bootstrag19] versionsof
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modelselectioncriteriain sec.3.1. Theresultingcriteria are empiricalin nature,makingthem
somevhatexpensve to compute but they do not requireuserdefinedthresholdsandcanbe used

whensensorerrormodelsareunavailableor unreliable.

The bootstrapis a methodfor estimatingan unknawn distribution from availabledata. This
techniqueintroducedin statisticsby Efron [19], hasonly recentlybeenusedin computervi-
sion[14]. In regressionthe bootstraptechniquecanbe usedto obtainan empiricaldistribution
of errorsin the data,andthis distribution canbe usedto generatalifferentstatisticson the mea-
sureddepthvalues,z, andthe estimatedparametewector 6,,. As discussedater, we will need
bootstrapestimate®f thestandardaieviation of noise, ¢, andthecovariancematrix, V'(6,,) for the
differentmodelselectioncriteria. Theideaof bootstrags simple. Considerthe regressiormodel
givenby (3). Let 0., betheparameteestimateof 6,,, let é,,, bethecorrespondingesidualsandlet
%m bethevectorof estimated: values.Theresidualsg,, = [ém1 - . - €mn]’ , cANbe usedto gener
ate P,,,, anempiricaldistribution function. The plug-in bootstragprinciple[19, chapterd] samples
from P, to generatdootstrapdata.Notethatsamplingfrom P, is thesameassamplingfrom the
set{émn1, ..., émn} With replacementThe bootstraperror vectore;, is addedto 2, to generate
a bootstrapsetof z values,z?,. This “bootstrapdata” setcannow be usedto generatea boot-
strapestimateof @)fn. Theprocesss repeatedo generatd? bootstraperrorvectorsey,,, - - - , €x,»
addingeachej,, to 2, gives R bootstrapresponse/ectorszy,,, ..., 2k, 1hesein turn canbe
usedto generaté)ootstrapestimates@im, e ,éz}m. Theresponseectorszy,,, ..., 25, areused
to generata bootstrapestimateof o, andéim, ceey 9;m areusedto generatea bootstrapestimate

of V (0,,). Figure4 givesa schematidiagramof the bootstragechnique.

Note that the above descriptiondoesnot specifya methodfor estimatingd,,. The bootstrap

14



methodis generalandmay be usedfor datacontaminatedvith noiseandoutliers. It is basedon
theassumptiorthaterrorsareindependentandthelack of independencgenerallyreducegheac-
curag of theresult[19, page396]. Thenumberof bootstrageplications R, is choserempirically.
Accordingto Efron andTibshirani[19, page52], seldomare morethan200 replicationsneeded

for estimatinghe meanandcovariance.

4.1 Behavior of bootstrap estimatesof spread

Thissectiononly useshootstrapmeasuresf spreado derive bootstraprersionsof modelselection
criteriain sec.3.1. In particular the sectionusesbootstrapestimateof o andthebootstrapestimate

of V(8,,) in severalinformationtheoreticmodelselectiorcriteria.

Thebootstrapestimateof o, o7, is calculatedy finding the averagestandaraieviationof z75,,,

*

..., 2%, andthebootstrapestimatef V (8,,) is givenby thecovariancematrixof 8., . .. , 0,

To study the behaior of the bootstrapestimatesof V'(6,,,), datafrom Gaussiardistribution is

usedandV*(8,,) correspondingo eachmodelis comparedvith the expectedcovariancematrix

-1

E(V(0,) =0 (XL Xn)

Thefirst setof experimentgeneratelatafrom themodels: = 100+ andz = 1004z —0.122
ato = 0.05. Eachexperimentincreaseshe region size symmetricallyaroundthe origin from 7
to 77 pixels. Figure5(a) and (b) shav the bootstrapestimatesg;, , oy, , oy, andoy, . The

mi? mo !

resultsshow thatnoneof theo;, valuesarecloseto theactualo atsmallregionsizes.However, as

regionsizeincreasess,,, , o,,,, ando;,  graduallyapproacttheactualo valuein fig. 5(a),giving a

mo!?

reasonablyaccuratestimateof o beyondaregion sizeof 30 pixels. Similarly, in fig. 5(b), s ,, and

m2)
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o, give areasonablyccurateestimateof o beyondaregion sizeof 30 pixels. Butin bothcases,
oy, valuesfor modelsof lower orderthanthecorrectmodelaregrossoverestimatesf o. Figuress
(a) and (b) comparethe correspondindootstrapestimatesof V'(6,,) by plotting log |V*(8,,)|
againstog |0 (XﬁXm)_1 | for the zeroth linear, quadraticandcubicmodels.Theresultsshov
that log |V*(8,,)| is closeto log |02 (XﬁXm)_1 | for the correctmodeland modelsof higher
orderthanthe correctmodel. For modelsof lower orderthanthe correctmodel, log |V*(6.,)|
is overestimated.This is expectedbecauséootstrapestimatesof o for lower ordermodelsare
overestimatedand consequentlyio? (XZ;Xm)*1 | is overestimated(Recallthata highervalue
of |V'(8,,)| implies a more stablemodel). This implies that bootstrapestimatesof V' (8,,) for
lower ordermodelsmay bias a model selectioncriteria towardslower order models. As shavn

later, this biasis effectively compensatebly theaccurag termanddoesnot posea problem[12].

4.2 Bootstrap criteria for data without outliers

As mentionedn sec.3.1.4,theinformationtheoreticcriteriaarein the form of a penalizedik e-

lihood, balancingbetweenaccurag of the fit and stability or compleity of the model. When
errordistributionsareunknaovn, thetwo quantitiesmustbeapproximatedisingbootstrapstatistics
andbasedn weakassumptionsegardingthe data. First considerthe accurag termgivenby the
likelihood.Whenerrorsareunknavn anddo not containoutliers,OLS is usedfor parameteesti-
mation.More sophisticate@stimatorssuchasMLE or M-estimatorsannote usedbecaus¢hey

assumespecificerrordistributions.Besidestheseestimatorarenot necessarpecaus®©LS gives
unbiasedminimumyvarianceestimate$32, pagel72] evenwith ourweakassumptionaboutsen-

sornoise. Theaccurag of the modelgiventhe datamay thenbe measuredaisingthe normalized
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residualsumof squaresmakingprior knowledgeof error distributionsunnecessaryTherefore,
we replacethe modelaccuray termlog L(6,,) with —RSS,,/o2. But, o is still unknavn. As
demonstratedh sec.4.1, however, ¢}, valuesestimatecdusingthe correctmodelandthoseusing
ary modelof higherorderthanthe correctmodelarecloseto eachotherandto thetrueos. Thus,

for M = {mg, mi, my, ms}, o}, canbeusedasagoodestimateof o. As such,theaccurag

termin thebootstrageriteriais givenby —RSS,, /0;32.

The stability or compleity term for the information theoreticcriteria requiresonly d,,, for
AIC, d,, andn for BIC andCAIC, makingeachindependenof theerrordistribution. For bootstrap
versionof BAYESandRISSthestabilityor compleity termdependsn V(ém) whichisreplaced

A

by its bootstrapestimateV* (0,,). Thebootstrappe@ayesiarmodelselectiorcriterion,whichwe
call, BMSC-BAYES, is obtainedby taking the naturallogarithmof (5), replacinglog L(8,,) with
—RSS /07,2 andV (,,) with V*(8,,), yielding

1 o
BMSC-BAYES,, = d7mlog27r - % + 5 log [V*(80)]. (16)

m3

Similarly, RISS(11) canbe approximateds

BMSC-RISS, = % + %mmgQ* (éi IV*(8,,)|" ém) + logs % (Vy,).  (17)

m3

Note that while BMSC-BAYES needsto be maximized,BMSC-RISSneedsto be minimized.

Thesecriteriacanbeusedwhenerrorcharacteristicareunknowvn or unreliable.

4.3 Bootstrap criteria for data with outliers

Whendatais contaminatedby outliers,8,,, cannotbe estimatedisingOLS, androbustparameter
estimationtechniquesnustbe used. Although the bootstrapprinciple is independenbf parame-
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ter estimationtechniqguesmostrobust estimationtechniquessuchasM-estimatorsmake strong
assumptionsegardingthe noisein the data.As such,thesetechniguesannotbe usedwhenerror
distributionsare unreliableor unknavn. However, LMS (seesec.1) is robustin the presencef
outliers,andonly assumeerrorsareindependenandidentically distributed. Therefore LMS is

*

usedfor estimatingd,,, andthe bootstragparameter# , 6, . Thisis notsuficient, how-

1m> =

ever: boththeaccurag andstability termsbehae differentlyin the presencef outliers,soneither

(16) nor (17) may beusedfor modelselection.

Letusconsiderin turn,themeasuresf accurag andstability. First,considetheaccurag term
givenby RSS,,/o;,.>. Thedenominatoterm,o?, , cannotbeaccuratelyestimatedn thepresence
of outliers. Recallfrom sec.4.1thato}, is calculatedoy finding the averagestandardieviation of
Zim, -+ -1 Zhm- HOwever, this approacttannotbe usedin the presencef outliersbecausesome
z*sin 27, will correspondo outlierswhile otherswill correspondo inliers. Calculatingo;, by
finding the averagestandardieviation usingz*s in 27, which areinliers doesnot give areliable
estimateof o, yielding worseestimatesvith increasen the percentagef outliers.In this section,
thereforewe simplyuseRS S,,, normalizedoy thenumberof degreesof freedom,(n — d,, ), asthe

accurayg termin themodelselectiorcriteria.

For the stability term, we have seenin sec.4.2 thatin the absencef outlierslog |V*(6,,)|
is closeto log |02 (Xf;FnXm)_1 | for the correctmodelandfor modelsof higherorderthanthe
correctmodel. For modelsof lower orderthanthe correctmodel,log |V *(6,,,)| is overestimated.
However, asthefractionof outliersin thedataincreaseshecorrectmodelandhigherordermodels

startoverestimatindog |V*(0,,)| [12]. But, thismoderaténcreasen log |V*(6,,)| doesnotbias

the criteria towardsary particularmodel. As such,measure®f stability usedin the bootstrap
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criteriaof sec.4.2 areleft unaltered.

Thus,whenthedatacontainsoutliers thebootstragriteriaareobtainedoy replacingRSS,, /o,
with RSS,,/(n — dy,) in (16)and(17):

RSS 1 .
m _1 *
S + 3 og|V*(6,), and (18)

BMSC-BAYES,, = d?m log 2w —

RSS,, dp,

BMSC-RISS, =~ + T log, + (93; V*(8,) " ém) 4 logs* (Vi) (19)

Figures7 shovs how BMSC-BAYES balancedetweenaccurag and stability. Figures7(a)
and (b) shaw the interactionbetweenaccurag and stability termswith about5% outliersin the
data.Obsere thelarge jumpsin theaccurag termuntil the correctmodelis reachedafterwhich
theaccurag termdoesnot changamuch. It is left to the stability termto distinguishbetweerthe
correctmodelandotherhigherordermodels. This behaior is repeatedn figs. 7(c) and(d) with

30%outliers.

5 Newrules for surfacemerging

This sectionextendsthe model selectionframevork to develop new rules for meiging surface
patchedo a singlesurfacedescription.We assumehat small surfacepatcheshave alreadybeen
estimatedusingdifferentapproachesummarizedn theintroduction,andthesesurfacepatcheslo

not undersgmentthe scenej.e, they do not bridgediscontinuities.For the following discussion,

we only consideithe coreproblemof meiging two surfacepatches.

To definethe problemprecisely supposeone surface, 4, is fit to dataset D4 and another
B, is fit to datasetDp whereD4 (N Dp = 0. Theissueis to determinewhetherD, andDjg are
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measurementsom thesameor differentunderlyingsurfaces WhenbD 4, andD g aremeasurements
from the samesurface,they shouldbe meigedinto a singlesurface,C, which canuseary model
m € M. LetCy, ..., Cs3, correspondingo modelsmyg, ..., mg, befits to the datasetDs =
D4 U Dg. Surfacemeginginvolvesachoicebetweerselecting{ 4, B} for D4 andDg or ary one

of Cy, C1, Cy, andC;:, for D¢.

5.1 Newrules basedon information-theoretic criteria

As seenin sec.3.1, differentinformationtheoreticcriteria compareBayesianprobabilities,K-L
distancespr minimum descriptionlengthsto selectthe bestmodelfrom mg, my, my, andms.
For surfacemeiging, we extendthis notion,andcomparethe samequantitiesto selectmodelsm 4
andmp togetherwhich preseresthe two separatesurfaces,or to selectary oneof modelsmy,
..., mg for thedatasetD. = DU Dp, thereby memging thetwo surfaces.® do this, measuresf
probabilitiesK-L distancesanddescriptiorlengthsmustbeformulatedfor m 4 andm g combined.
SinceD,4 and Dp aredisjoint, P(DsDg|ma,mp,I) = P(Da|lma,I) P(Dg|mp,I). Similarly,
evaluatingatmaximumlik elihoodestimatesheK-L distancealsoreduceso d(8 4,0,)+d(63,6.).
Finally, in the MDL caselen,, , m IS simply equalto len,,, + len,,,. Basedon this, meging

decisiondor Bayesiamprobabilities K-L distancesandMDLs mayberepresenteds

max{(P(Da|lma, I)P(Dg|lmg,I)), P(D|mug, 1), ... , P(D|mm,, 1)},
min{(d(04,0,) + d(03,0.)),d(0n,,0.), ... ,d(0,,0,)},

min{(len,, + lenmy), lenmy, - .. ,lenm,},
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respectrely. Replacinghe modelselectiorcriteriaof sec.3 in theappropriatalecisionfunctions
above, we get meging rules basedon AIC3, CAIC, BAYES?, BIC, and RISS. For formulating
meiging rule basednbootstragcriteriaBMSC-BAYES andBMSC-RISS hotethatthey arebased
on the logarithmof the Bayesiarprobability, P(D|m,I), andMDL, len,,, respectiely. As such,

thecorrespondingneing rulesaresimilar to the BayesiarandMDL rules:

max{(BMSC-BAYES, + BMSC-BAYESg), BMSC-BAYES, ,,, ... ,BMSC-BAYES,,, }

max{(BMSC-RISS, + BMSC-RISS;), BMSC-RISS,,, . .. ,BMSC-RISS,, }

5.2 Mergingrules from hypothesistests

This sectionformulatessimple meiging rules using the hypothesigestingcriteria discussedn

sec.3.2. ThetestsRUNS, CHI, CR,andCSRmayeachrejectall candidatenodels andtherefore,
it is possiblethatno modelis selectedBasedon this eachmaybe extendedo a meging rule that
mewgesA andB to C if andonly if amodelfrom M is selectedor C. Notehow theserulesdo not

useary informationfrom thefitted surfaces4A andB.

Our meming rule basedon the F-testworks in two steps. In thefirst step,it checksif the

parameter®f surface A arewithin the 95% confidenceanterval of the parametersf B (or vice-

3t canbeshown thatthe optimizationfunctionusedin [29] maybeusedfor memging surfacesandis similarto the

memingrule basen AIC [12].
4In surfacereconstructionasimilar Bayesiaimmemgingapproacthasbeerusedn [27]. However, thisapproactonly

memgessurfacescorrespondingo the samemodel. Besidesijt alsoconstrainghe parametespacesothat||6,,|| = 1.

As such thiswork canbe considered@sa specialcaseof ours.
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versa— only onemustsucceed)44] usingtheF statisticin [51, page97]. When A and B belong
to differentmodels thetechniqueonly checksf thelower ordermodelfits within the confidence
interval of thehhigherordermodel.If this stepdecidedhatthe surfacesbe meiged,thenthesecond

stepusesFTESTof sec.3.2to find thebestmodel.

6 Factorsaffecting performance

A large numberof modelselectioncriteriawerepresentedn sections3 and4. Thesecriteriaare
cateyorizedin fig. 8. Sec.5 formulatednen meging rulesbasedon thesecriteria. The next step
is to analyzethis wide variety of modelselectioncriteriaand meiging rules. This analysismust
studythe effectsof severaldifferentinfluenceson the performancef modelselectioncriteriaand

meigingrules.

1. Regionsize It is easierto identify the correctmodel over a relatively larger region size.
Figures9(a) and(b) shav datafrom a quadrationodelat region sizes(a) 25 pixels,and(b)

50 pixels. Obsenre, how thedatapointsin fig. 9(a)appeato befrom aline.

2. Underlying surface It is difficult to identify the correctmodelfor surfaceshaving small
magnitudeparameterdor the highestorderterm. Figure 10 shaws noisy datapointsfrom
theline y = 100 + z + ay2?, at(a) ay = —0.02, (b) a; = —0.1, (C) a; = —0.5. Obsere how

datain figs. 10(a)and(b) appeato befrom alinearmodel.

3. Noiselevel: It becomedifficult to selectthe correctmodelwith increasingnoisein data.

Figuresll(a)and(b) illustratethis point with datafrom a quadraticmodelwith Gaussian
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noiseatoc = 0.02 ando = 0.1, respectrely. While it is easyto identify the quadratic
modelato = 0.02 (fig. 11(a)),thedatapointsin fig. 11(b)appeato befrom alinearmodel.

Similarly, it is harderto detecta discontinuitywith increasenoisein the data(seefig. 12).

. Number of alternative models Model selectioncriteriamay be biasedtowardslower (or
higher)orderfits. Sucha biasmaynot be detectedfor example,with datafrom a quadratic
fit (modelms,), if M only consistsof quadraticand cubic models,m, andm;s. To detect
suchbiasesM = {mgy, mi, mq, ms}, is usedfor experimentswith datafrom linearand

quadratidits.

The sameproblemoccurswith memging rules. Figure2(a) shavs the correctrepresentation
for the datapoints. However, fig. 2(c) alsoappeardo be a goodrepresentatiofor the data.
In this situation,a meiging rule may incorrectly chooseto meige the surfacesto a single
guadraticsurface. However, if anapplicationonly fits linesto the data,the choiceis only
betweerfigs. 2(a) and(b), andthe discontinuityis likely to be presered. The experiments

demonstratéhis by usingdifferentsetsof candidatanodels.

. Type and magnitude of discontinuities: A goodmeiging criteriamustdetectsmall mag-
nitudediscontinuitiesandalsocorrectlymeige artificial (non-eistent)discontinuities.The
performanceof meiging criteriais characterizedby testingthemover a wide rangeof step

andcreasdaliscontinuitiesaswell asartificial discontinuities.
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7 Experimental analysis

Basedon the above discussiona wide rangeof experimentswere conductedo characterizéhe
performancef all criteriaoverall thefactoranfluencingperformanceExperimentareconducted
on both syntheticand sensordata. While syntheticdataallows usto testdifferentcriteriaover a
exhaustve rangeof experimentalconditions,sensorataallows usto testperformancevith data
containingsensomoise,outliers,and potentially otherkinds of unmodelederrors. This section
discussesomeof theseexperimentsandsummarizeshe performancef variousmodelselection

criteriaandmeiging rules. For detailsof this experimentabnalysisefer[12].

7.1 Simulation Results

Themodelselectiorcriteriain fig. 8 andthe meiging rulesbasedn them,make differentassump-
tionsaboutthedata.In orderto studytherelative performancef all criteriaunderacommondata
set,thesimulationsusea Gaussiamoisemodelandprovide noisevarianceto thecriteriathatneed
it. Thedatapointsaregeneratedisinga perspectie projectionmodelwith focal length=1.77cm
andpixel size= 16u m, the calibrationparametersf our rangesensof40]. Theresultsarebased
on500simulationsandfor bootstragcriteria,thenumberof bootstrapeplications R, is setto 200

(seesec.4). Unlessmentionedtherwise M = {my, mi, my, ms}.

7.1.1 Model selection

The experimentsarebasedon datasetsfrom linearandquadraticnmodelsgivenby z = ag + a1z,

andz = ag + a1z + ayx?, respectiely.
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Effect of regionsizeand o on performance In thefirst setof experimentsg, = 100 and
a; = 1 (for boththemodels),anda, = —0.1 for thequadrationodel. Theregion sizeis increased
from 7 pixelsto 77 pixels,symmetricallyaroundtheorigin, ando is variedfrom 0.02cmto 0.1cm.
Figure13 shaws percentagsucces®f differentselectioncriteriafor datafrom the linear model
atoc = 0.05 cm. Figure 13(a)shaws resultsfor BAYES, RISS,AIC, BIC, CAIC, andBMSC-
BAYES, andfig. 13(b)shawvsresultsfor RUNS, CHI, CSR-testCR-test F-testandBMSC-RISS.
Theresultsin fig. 13(a)shav thatRISSperformsthe best,andalthoughBAYES, BIC, andCAIC
work poorly at smallregion sizes,their performancemprovesasregion sizeincreasesThe new
bootstrapbasedcriteria,BMSC-BAYES alsoperformswell, closelyfollowing BAYES. This per
formances promising,giventhatit doesnotmake ary assumptiomegardingthenoisedistribution.
Thecriteriabasednhypothesigestshave asuccessatefrom 90to 95%. Thisis expectedoecause
they arebasedon a 95% confidenceanterval. Surprisingly however, AIC shavs a successateof
only 80%,andtendsto chooseguadraticandcubicfits over alinearfit. Althoughnotshaowvn here,

theresultsexhibit smallimprovementsato = 0.02 andsmalldegradationsato = 0.1.

Figure 14 shaws correspondingerformancdor datafrom the quadraticmodel. The figure
shaw thattheresultsarepoorfor all criteriaatsmallregion sizes,andshow closeto “steadystate”
performancésay within 3% of maximumsuccessate)aftera certainminimumregion size This
minimumregion sizechangewith . For example,for BAYES this sizeis 25 pixelsato = 0.02
cmand40pixelsato = 0.1 cm. Theresultsshav severaldifferencedrom thelinear case.First,
with increasingo, all criteria shov worse performancdor the quadraticmodel at small region
sizes.Thisis notsurprisinggiventhedifficulty of seeingaquadratidit in thedatain Figure11(b).

SecondRISSandBMSC-RISS which performthe bestfor linearmodelsevenfor smallregions,
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now performpoorly at small region sizes. This suggestshat RISSand BMSC-RISSarebiased
towardslow order surfaces. But onceagain, at large region sizesBAYES, RISS,and BAYES-
BMSC performthe best. CAIC andBIC closelyfollow thesecriteria. AIC againshovs a success

rateof about80%,andtendstowardchoosingcubicfits.

Effect of changinga; and a»: In this setof experimentswe vary a; for the linear model,
(keepinga, fixed),andvary a, for the quadraticmodel (keepingay, anda, fixed),ate = 0.05
cmandaregion sizeof 25 pixels. All criteriashov poorresultsat smallmagnitude®f a; anda,
(refer Figure 10). Therelative performanceof differentcriteriaremainsthe sameasabove large

magnitude®f a; anda, [12].

Overall performance: To summarize most criteria performwell at moderateregion sizes
(greaterthan 25 pixels) undermoderatenoiselevels, andthe performanceof all criteriadropsat
smallregion sizes,high valuesof o, andat low magnitude®f a; anda,. Intuitively, the results
matchour own ability to detectmodelsfrom sampledatain figs. 9, 10,and11. As far asspecific
criteriaareconcernedBAYES, BMSC-BAYES, and CAIC performthe best,the performanceof
BIC is only slightly worse. BAYES andBMSC-BAYES outperformCAIC at largerregion sizes.
AIC seemdo overfit, while RISS shaws a slight biastowardslower ordersurfaces. The second

columnof table3 givesa qualitatve summaryof relatve performance.

7.1.2 SurfaceMerging

This sectioncompareghe performancef differentmemging rulesintroducedin sec.5 on surface
fits with stepandcreasaliscontinuitiegseeFigure15), andartificial discontinuitiegformedwhen

h = 0 ora = 0). Theexperimentsaarebasedn datageneratedrom linearmodels.
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Stepdiscontinuities: For stepdiscontinuitiesdataaregeneratedrom the following two sur

faces:
h h
A:z=(100—§)+x, B:z:(100+§)+x.
Thus,A and B areseparatetby a stepheightof A cm.

Performance at different step heights at a relatively small region size It is difficult to
presere smallmagnitudediscontinuitiesat smallregion sizes.However, somememging rulesmay
performbetterthanotherswhentheregion sizeis small. Figure 16 shows the percentagsuccess
of meging rulesin detectinga discontinuityat differentvaluesof /o wheneachsurfacehasa
region sizeof 25 pixels. Figure 16(a)shaws the performancef meging rulesbasedon BAYES,
RISS,AIC, BIC, CAIC, andBMSC-BAYES, while fig. 16(b) shavs the performanceof meging
rulesbasedon RUNS, CHI, CSR-test,CR-test,F-test,and BMSC-RISS.The resultsshowv that
meiging rulesbasedon AIC, BIC, CAIC, BAYES, BMSC-BAYES, andF-testperformextremely
well, even at sucha small region size. Theserules detectdiscontinuitieswith 98% successat
h = 30 and100%successth > 4o0. In contrasto thesecriteria, RISS,CHI, CSR-testCR-test,
and BMSC-RISSperformrelatively poorly. RISS,CHI, CSR-testand CR-testrequireh = 6o
for 100%successBMSC-RISSrequiresh = 80, andRUNS requiresh = 12¢. Thus,AIC, BIC,
CAIC, BAYES,BMSC-BAYES, F-testclearly shav betterperformancehanothermeging rules.
Obsene how the memging rule basedon the newly introducedBMSC-BAYES performswell, and

is only slightly worsethanthemeging rule basecn BAYES.

Performancewith increasingregionsizesat small magnitude stepheights Theabove setof
experimentshovedthatataregionsizeof about25 pixelsando = 005 cm, eventhebestmeiging
rules performwell only whenthe stepheightis greaterthens = 30. This setof experiments
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studythe performanceof memging criteriaat h = 20 whentheregion sizeis increasedrom 36
pixels to 102 pixels. The results(fig. 17(a) and (b)) shawv that AIC, BIC, CAIC, BAYES, and
BMSC-BAYES detecta discontinuitywith 100%successtaregion sizeof 85 pixels. Thus,given
asufiiciently largeregion size,thesecriteriacanevendetectsucha smallmagnitudediscontinuity
RISSandBMSC-RISSshav poor performancedetectingthe discontinuitywith 44.2%and8%
succes®ven at a region size of 102 pixels. This suggestshat thesecriteria are slightly biased
towardsmeuging surfaces.Likewise, RUNS, CHI, CR-test,and CSR-tesialsoshowv only 26.2%,
67.6%,75.6%,and85.8%succesat 102 pixels. Surprisingly F-testshavs almost100%success
beyond a region size of 40 pixels, suggesting possiblebias, confirmedlater, toward preserving

discontinuities.

Creasediscontinuities: For creaseadiscontinuitieswe generatedatafrom the following two

equationgfig. 15(b)):
m s
A:z=100—|—xtan(z+a), B:z=100+xtan(1—a).

Performanceat differ ent creaseanglesat a relatively small regionsize As in thecaseof step
discontinuitiesfig. 18 shavs percentagsucces®f mewging rulesin detectinga discontinuityat
differentvaluesof o wheneachsurfacehasa region sizeof 25 pixelsando = 0.05. Theresults
shav thesameperformancerendsasfor the stepdiscontinuity Mergingrulesbasecn AIC, BIC,
CAIC, BAYES, BMSC-BAYES, and F-testperformwell, even at sucha smallregion size. The
meiging rule basedon F-testshovs a 100%successt o = 4 degreeswhile meiging rulesbased
on AIC, BIC, CAIC, BAYES, BMSC-BAYES shov 98% succesat o = 6 degreesanda 100%
successita = 8 degrees.Amongothermemging rules,CHI, CSR-testandCR-testshav a 100%
successaita = 10 degreesRISSata = 11 degreesBMSC-RISSat o = 12 degreesandRUNS
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ata = 15 degrees.Table1 shavsthesex valuesat differento.

Performance at differ ent region sizesat small magnitude creaseangles: The above setof
experimentsshovedthatat a region size of about25 pixels, eventhe bestmeging rulesperform
well only when« is greaterthan 6 degrees. This setof experimentsstudy the performanceof
meiging rulesat extremely small magnitudecreasediscontinuitiesvhenthe region sizefor each
surfaceis increasedrom 36 pixelsto 102 pixels. Figures19(a)and(b) showv the performanceof
meuging ruleswith increasingegion sizeata = 2 degree.Theresultsshav thatAlIC, BIC, CAIC,
BAYES, andBMSC-BAYES detecta discontinuitywith 100%successt aregion sizeof about60
pixels. Note how all theserulescandetectsucha smallmagnitudediscontinuity whengivendata
from asufficiently largeregionsize.Ontheotherhand,F-testalwaysshavs a 100%successyhile
RISSandBMSC-RISSshov 100%succesdeyondregion sizesof 78 and84 pixels,respectrely.
CHI and CR-testshov 100% successeyond region sizesof 90 pixels, while CSR-testshowvs a
100% successt a region size of 78 pixels. RUNS performsthe worst, shaving 98.2%success

evenataregionsizeof 102pixels.

Performance with changing model set Figure 2 illustratedthe difficulty in distinguishing
betweera quadrationodelanda low magnitudecreasadiscontinuity To studythis point further,
the next setof experimentsstudiesherelative performancef meging rulesby usingM = {m, }
at aregion sizeof 25 pixelsando = 0.05 cm. Obsene theimproved performancen the results
shaowvn in fig. 18(a)and (b). Here, AIC, BIC, CAIC, BAYES, andBMSC-BAYES shav 100%
successita = 2 degrees.This s a significantimprovementcomparedo 100%succesata = 8
degreesvhenM = {mgy, mq, ma, ms}. Amongothermemging rules,RISS,CHI, CSR-testand

CR-testshav a 100% successt abouta = 3 degrees,andBMSC-RISSandRUNS ata = 4
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degrees.Thus,whenM = {m, }, althoughthereis no explicit modelselectionthe memging rules
basedon model selectioncriteria give significantlyimproved performancdor datafrom crease

discontinuitiesgvenat arelatively smallregion size.

Non-existentdiscontinuities. For artificial (non-«istent)discontinuitiesdataare generated
for surfacesA and B from theline z = 100 + = ataregion sizeof 25 pixelspersurface. Table2
shaws the performanceof differentmeging rules. The resultsshav that merging rule basedon
RISS,BAYES, and BMSC-BAYES performthe best,followed by RUNS, CAIC, CHI. Merging
rulesbasedon BIC, CR-test,and CSR-testshov a modestsuccessate of about91%. A couple
of pointsmustbe mentionedhere.First, RISSandBMSC-RISSwhich shoved poor performance
whendetectingactualdiscontinuitiesshav 100%successvhenmemging artificial discontinuities.
This suggests biasin thesecriteria towardsmeging surfacefits. SecondBIC, whoseperfor
manceis comparabldo thatof BAYES, BMSC-BAYES andCAIC in preservingactualdisconti-
nuities,is only a91%successvhenmeugingartificial discontinuities Thissuggest8IC is slightly
biasedtowardspreservingdiscontinuities.Among other meging rules, F-test,which performed
well whendetectingdiscontinuitiespnly meiges15.4%of theartificial discontinuitiessuggesting
it is stronglybiasedtoward preservingdiscontinuities.AIC shavs only a 76.6%successThis is
becausealthoughAIC megesartificial discontinuitiesjt meigesthemto higherordersurfaces.
Thememging rulesshov someimprovementin resultswith increasingegion size,andshovedno

changen performancavhenc wasvariedfrom 0.02 cmto 0.1 cm[12].

Overall performance To summarizetheperformancef BAYES,BMSC-BAYES, andCAIC
is the best,andthat of BIC is only slightly worse. Thesecriteria work well even at relatively

smallregionsizes(25 pixels). As region sizeincreaseshecriteriacandetectextremelysmallstep
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heightgh = 20 at85pixels)andcreasangleqa = 2 degreesat60pixels). BMSC-BAYES showvs
consistentlygoodresultsandgivesa usefulmeiging rule whensensoerrormodelsareunavailable
or unreliable. Amongothercriteria,RISSandBMSC-RISS with abiastowardsmeiging surfaces,
only shov averagebehaior. F-testand AIC do not performwell for artificial discontinuities.
While F-testis biasedtowardspreservingdiscontinuities AIC memgesto higherorder surfaces.
RUNS, CHI, CSR-testand CR-testarealsomoderatelybiasedtowardsmeiging surfacesat small
region sizes. This is expectedbecausehesemeiging rulesdo not useary informationfrom the
old fits, but only look at finding a possiblemodelfor thecombineddataset. Finally, meging rules
performextremelywell at creasediscontinuitiesvhenthe quadraticmodelis not presentn M.

Thethird columnof table3 givesa qualitatve summaryof relatve performances.

7.2 Resultsusing sensordata

This sectioncomparegperformanceof modelselectioncriteriaandmeiging ruleson sensomata.
Thisallowsusto testperformancevith datacontainingoothsmall-scaleandomnoiseandoutliers.
This noisemay often be difficult to modelaccuratelyandpotentially theremight be unmodeled
errorsin thedata.Thus,usingsensodata,performancenaybetestedundermorerealisticcondi-
tions. Certainlyall criteriain fig. 8 canbeusedhere.However, sincesensodatacontainsoutliers,
only robust model selectioncriteria can be usedfor model selection. As such,only AIC, BIC,
CAIC, BAYES, BMSC-BAYES, BMSC-RISS,andRUNS, andmeging rulesbasedon themare
comparedn this section.We compareperformanceisingPerceptroriestdatasetsfrom the USF
SementationComparisonProject[25]. The datasets,consistingof planarsurfaces,are partic-

ularly usefulfor modelselectionexperimentsbecauseyround-truthsegmentsare provided. For
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model selection,the experimentstake datafrom eachground-truthsggmentand determinethe
bestmodelthat describedhe datausingthe differentmodel selectioncriteria. The experiments
arerepeatedisingdatafrom testregionsof differentsizeswithin certainsegments. To testthe
performancef meging criteriaon realdiscontinuitiesadjacengroundtruth sggmentsaretested
for meging by eachmeging criteria. Likewise, to testperformancenon-eistentdiscontinuities,

adjacentegionswithin certainsggmentsaretestedfor meging by eachmeiging criteria.

Model selection In the first setof experimentsmodelselectioncriteria are appliedto data
from groundtruth segmentsn thedifferentimages.Theresultsareshovn for images20(a)(Image
1) and 21(a)(Image?2) (the correspondinggroundtruth segmentsare shavn in figs. 20(b) and
21(b)). Table4(a)shonsthegroundtruth segmentsdentifiedasnon-planafor datafrom segments
in Imagel usingM = {mg, mi, ms, ms}. Figure4(b) shavs the correspondingesultswhen
M is reducedto {m;, ms}. For understandinghe performanceof modelselectioncriteria with
increasingregion sizes,eachtableis divided into threeparts. The first columnshaows the small
sggmentyn < (25 x 25)) identifiedincorrectlyby the differentcriteria, while the secondandthe
third columnsshov themedium(n < (50 x 50)) andlarge sggmentgn >= (50 x 50)) identified
incorrectlyby differentcriteria. Theresultsshav thatall criteriafail to identify the correctmodel
at smallregion sizes, tendingto selectthe lower ordermodelm,. Whenm, is removedfrom M,
theperformancdor mostcriteriaimprovesconsiderablyTable4(b)). At mediumto largesegment
sizesBAYES performthebest followedby BMSC-BAYES, BIC, CAIC, andRUNS. Obserehow
BMSC-BAYES identifiesall mediumandlarge segments exceptsegment20, correctly Segment
20, closeto beingnormalto thedepthaxis,is identifiedasm, by BMSC-BAYES; theplanarmodel

is selectedvhenm, is removedfrom A in table4(b). Table5(a)and(b) shav theresultsfor Image
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2. Theresultsshav poor performancef all criteriaat smallregion sizes. Amongthese RISSis
mostadwerselyaffected,selectingmg over m, for nearlyall small sgmentsin the image. For
mediumto large segments BAYES, BMSC-BAYES, RUNS, CAIC, BIC, andRISSperformwell.
BMSC-RISSagainidentifiesseveral sgmentsincorrectly the correctmodelbeingselectecbnce

mg iIsremovedfrom M. Thisagainshovs BMSC-RISSS strongbiastowardslower ordersurfaces.

Overall, theresultsshowv severalsimilaritieswith resultsusingsyntheticdata.First, all criteria
work poorly in smallregions. SecondAIC continuego show biastowardshigherordersurfaces,
andRISSandBMSC-RISSshaw biastowardslower ordersurfaces. Third, BMSC-BAYES and

BAYES consistentlyperformthe best,followedby CAIC, BIC, andRUNS.

A closerlook at the performanceof BAYES and BMSC-BAYES is warranted. In Image2,
Segmentl6is identifiedincorrectlyby BAYES. However, this is the samesegmentasseggmentl17
in Imagel whichis correctlyidentifiedasplanarby BAYES. (In [12, pagel12]we shaw similar
obsenationsfor othersegmentsover a large numberof images.)All theseincorrectlyidentified
seggmentshave onething in common:the surfacescorrespondingo thesesegmentshave normals
closetothex ory axis,orin otherwords,thesesurfacesextendprimarily alongthedepthdirection.
As suchiit is unlikely thatthe noisedistribution of suchsurfacescanbe modeledast-distributedin
thedepthdirection.BAYES andotherinformationtheoreticcriteria,beingcloselytied to thenoise
distribution of thedata,thereforemalke errorsat suchsurfaces.Thebootstraporinciple,evidently,
determinesa betterdistribution of the noisein the data,leadingto a correctmodelselectionby
BMSC-BAYES for theseseggments. Thus,the experimentsclearly demonstratéhe usefulnes®f
bootstrapcriteriawhennoisemodelsareinaccurateor unreliable.However, BMSC-BAYES also

identifiessomeseggmentsincorrectly Obsenre thatseveral of thesesegments(20in Imagel, and
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12in Image2) areapproximatelyperpendiculato the depthaxis,leadingto a zeroth-ordemodel
beingselectionover a planarmodel. Theseseggmentsarecorrectlyidentifiedasplanarwhen M is

reducedo {m,, ms}.

Thesecondsetof experimentdestthedifferentcriteriaon datafrom squareaegionsof progres-
sively increasingsizes startingfrom thepixelsmarked’x’ in segmentsl9,24,and37in fig. 21(b).
Onceagain,all criteriado a poorjob in selectingthe correctmodelwhentheregion sizeis small,
andshav improved performancesthe region sizeis increased.Table8 shovs the minimumre-
gionsizerequiredby eachcriteriain orderto selectthecorrectmodel. Theresultsshov thatRUNS
workswell for relatively smallregion size. AIC follows next, althoughit quickly startsselecting
guadraticandcubic modelsasregion sizeincreasesBAYES, BIC, and CAIC shov averageper
formancewhile BMSC-BAYES andRISSrequirearelatively largeregionregion sizefor selecting
the correctmodel. BMSC-RISSrequiresthe largestregion sizefor all criteriaandcannotselect
the correctmodelfor sggment19. Obsere that, in general,the minimum region size required
for sgmentl9is thelargestbecausat is almostfronto-parallel(perpendiculato the depthaxis),
and modelselectioncriteriatendto selectm, over m; evenfor relatively large region sizes. In
contrast,segment37 is almostalongthe depthaxis, andthe model selectioncriteria detectthe
correctmodel,evenat smallregion sizes.Obsere how BMSC-BAYES which requiresrelatvely
large region sizesin segmentsl9 and24, detectshe correctmodelwith aregion sizeof 22 x 22
in sggment37. When M is reducedo {m, my}, all criteriaselectthe correctmodelbeyonda

regionsizeof 10 x 10.

To summarizethe behaior of modelselectioncriteriaon sensodatais similar to the simula-

tion results.All criteriawork poorly atsmallregion sizesandperformwell assggmentggetlarger.
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BMSC-BAYES and BAYES performthe best,with RUNS, CAIC andBIC only slightly worse.
AIC, RISS,andBMSC-RISSperformpoorly. The performanceof BMSC-BAYES, which was
introducedhere,is especiallypromising,sinceit may be usedwhennoisemodelsareunavailable

or unreliable. Table9 summarizesherelative performancef the differentcriteria.

Merging surfaces This sectioncompareshe performancef meiging ruleson datafrom dif-
ferentimageregionsin imagesl and2. Thefirst setof experimentgesttheperformancef meiging
criteriaonrealdiscontinuitiedy attemptingo melgeeachgroundtruth segmentwith adjacenseg-
ments.Table6(a)and(b) shavs the pairsof segmentsincorrectlymelgedby the differentcriteria
for Imagel usingM = {my, my, me, mz} andM = {m, }, respectrely. To studythebehaior
of meging ruleswhenmeging segmentsof differentsizes,eachtableis dividedinto threeparts.
Thefirst columntahkulatesall incorrectmeigesinvolving small segments the secondcolumntab-
ulatesall incorrectmergesbetweemmediumseggmentsandbetweemmediumandlarge sggments,
while thethird columntakulatesall melgesbetweerlarge segments.In theseexperimentsthere-
sultswereidenticalfor AIC, BIC, CAIC, BAYES, andRISS.As such they aretogethereferredo
as“info-th” in thetables.Theresultsshav thesecriteriaperformextremelywell, preservingll the
discontinuitiesn theimage. Obsene how the segmentpairsin the“nut” (involving segments21,
22,23, 24) arealsopresered by thesecriteria. BMSC-BAYES meigesthe extremelysmall sg-
ments,21 and23, to adjacensegments.However, it preseresthe creasealiscontinuityformedby
sgment22 and24insidethenut. BMSC-BAYES preseresall otherdiscontinuitiesn theimage.
Similarly, RUNS meigessmallsggments21 and22 to adjacensegments put preseresthecrease
discontinuitybetweensegments23 and24. All otherdiscontinuitiesn the imageare presered

by RUNS. BMSC-RISSalsohasproblemsat smallregion sizes but in addition,it meilgesseveral
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mediumsizedsggmentsto adjacentsegments. The resultsonly improve maginally when M is
reducedo {m, }. Table7 shawvsthe performancef meiging ruleson ground-trutrsegmentsrom
Image2. Onceagaintheinformation-theoreticriteriaperformthe best,only meiging extremely
smallsegments BMSC-BAYESis only slightly worse,incorrectlymeiging segmentpairs(11,40)
and(15, 21). BMSC-RISSperformsthe worst meiging a large numberof small segmentsto ad-
jacentsggments.It alsomergessegmentpairs(30, 33),(17,19),and(24, 25), with only mamginal
improvementin performancevenwhen is reducedo {m, }. This againshovs BMSC-RISS$
strongbiastowardsmeging surfaces. RUNS shows averageperformancemeiging somesmall
andlarge sgmentpairs. However, all discontinuitiesbetweenarge sggmentsarepreseredwhen

M isreducedo {m, }.

The next experimentteststhe performanceof meging ruleson artificial discontinuities.The
meiging rulesaretestedon adjacentegionsof progressiely increasingegion sizes startingfrom
pixel marked’x’ in segmentsl9, 24,and37 in Image2. At smallregion sizes,althoughall rules
meige the two surfaces,they do not meige themto the correctmodel. Otherthanone or two
exceptionstheregionsarecorrectlymeigedby thecriteriawhenthecombinedegion sizereaches
thoseshawn in table8. Most criteria performreasonablyvell. However, BMSC-RISSandRISS
shaws a biastowardslower ordersurfaceswhile AIC, meigesregionsto a higherordermodelas

theregionsizeincreases.

To summarizemostmeiging ruleswork well with moderateo large segmentsizes,andhave
problemsat smallregion sizes. Amongthese BAYES, CAIC, andBIC performthe best,closely
followedby BMSC-BAYES. RUNS shavsaverageperformanceneiging largesegmentswith rela-

tively smallmagnitudediscontinuitiesRISSandAIC do notmemgesurfaceswith artificial discon-
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tinuitiesto the correctmodelat smallregion sizes,againshaving a biastowardslower andhigher
ordersurfaces respectrely. BMSC-RISSdoesnot performwell shaving a strongbiastowards
meiging surfaces.Basedon theabove results table9 givesa qualitatve performancesummaryof

mewgingrules.

8 DiscussionSummary, and Conclusion

This paperhasstudiedmodelselectionin the context of rangeimagesegmentatioralgorithms. It
hascharacterizethe advantagesandlimitations of existing criteria,introducedoromisingcriteria
from thestatisticditerature anddevelopednovel bootstrabasectriteriausingsomeof them.The
paperhasformulatedtheoreticallyrigorousandeffective rulesfor meiging surfacesby extending
modelselectiontechniques.The new and existing criteria were comparedover a wide rangeof
underlyingsurfaces,over differentregion sizes,with differentnoiselevels, using several setsof
alternatve models andusingbothsyntheticandsensodata. Theresultsshowv thatalthoughsome
modelselectiorcriteriaandmeiging rulesdefinitely performbetterthanothers,a moderateegion
sizeis crucialto the performancef all techniquesUnfortunatelythereis no goodway of quanti-
fying small, moderateandlarge. As roughindicators,a moderateegion sizeis 25 pixelsfor the
simulateddataand(25 x 25) pixelsfor the Perceptroniestdata. Theresultalsoshov thatBMSC-
BAYES introducedin this paperand BAYES adaptedrom the statisticsliterature consistently
shav good performance.The informationtheoreticmeging rulesformulatedin this paperper
form well evenatrelatvely smallstepsizes(h = 20) andcreasealiscontinuitieJa = 2 degrees),

andconsistentlymemge artificial discontinuities.Unfortunately noneof the modelselectioncrite-
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ria andnew meging ruleswork aswell asdesired.Basedon theseresults we make thefollowing

recommendationwhenchoosingamongthem.

¢ Whenthenoisedistributionof thedatais known or canbecloselyapproximatedBAYESis a
goodchoicefor modelselectionandsuriacememging. Looking atthe qualitatve summaries
in tables3, and9, BAYES shaws goodperformancen all casesHowever, BAYES requires

estimating V (8,,,)|. Thereforefor time-sensitie applicationsCAIC is agoodalternatve.

e Whennoisedistribution is not known or cannotbe closely approximatedBMSC-BAYES
introducedin this paperis a goodchoice. Although, this techniqueis computationallyex-

pensve, it is easilyparellelizable.

e AIC andRISSshouldin generabeavoided.

Theseresultshave severalimplicationsin improving existing segmentatioralgorithms,aswell as

designingnew algorithms.

1. Modelselectioncriteriabasedn confidencentenals,traditionallyusedin computeision
algorithmsl[4, 8, 29, 47, 52], shouldbe avoidedandinformationtheoreticmodelselection

criteria, preferablyBAYES andCAIC, usedinstead.

2. Existingmeging techniquesvhich arebasedon heuristicsandthresholdsnustbe tunedto
specificapplications. Suchtechniquesshouldbe replacedwith the nev meiging rulesto

detectsmallmagnitudediscontinuities.

3. Model selectionand meging do not work well at small region sizes. Segmentationalgo-
rithmsshouldonly fit, for example,alinearmodelto smallwindows andsmallseedegions,
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andusemodelselectiorandmeiging only on moderateo largeregion sizes.
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criteria min. « (in degrees) criteria min. « (in degrees)
0=0.02 | o =10.05 | c=0.1 0=0.02 | o =0.05 | c=0.1

BAYES 3 8 15 RUNS 9 15 27
RISS 4.5 11 18 CHI 4.5 10 21
AlC 35 8 15 CSR-test 4 10 18
BIC 3 8 15 CR-test 4 10 18
CAIC 35 8 15 F-test 2 4 10
BMSC-BAYES 3 8 15 BMSC-RISS 6 12 24

Table 1. Performanceof meging rulesat creasediscontinuitieswith changinge. Tableshovs

the minimum « requiredby meging rulesto correctly detecta creasediscontinuitywith 100%
success.

| rule | % succesg| rule | % succesg
BAYES 99.4 RUNS 96.6
RISS 100.0 CHI 94.4
AIC 76.6 CSR-test 90.8
BIC 91.4 CR-test 91.4
CAIC 96.0 F-test 15.4
BMSC-BAYES 98.8 BMSC-RISS 100

Table2: Percentagsuccessn meuging artificial discontinuitiego fit from correctmodel.

| | Modelselection | Mergingrules |
Good BAYES, BMSC-BAYES, CAIC, BIC || BAYES,BMSC-BAYES, CAIC
Average| RISS,BMSC-RISSRUNS, CHI, BIC, RISS,BMSC-RISS RUNS,
CSR-testCR-test F-test CHI, CSR-testCR-test
Poor AlIC AIC, F-test

Table3: Overall performancef modelselectiorandmeiging criteriausingdatawith Gaussiarerrors.
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segmentdsdentifiedincorrectly segmentddentifiedincorrectly
criteria small med. | large small | med. | large
AIC 23,24 22 16 22 16
BIC 23,26 16 16
CAIC 23,26 16 16
BAYES 23,26
RISS 21,23,26 | 13,20 | 14
BMSC-BAYES | 21,23 20 21,23
BMSC-RISS 26 20 12
RUNS 21,23 10 21,23 10

(a)M = {m17 maz, ms, m4}

(0) M = {ma, mo}

Table4: Model selectiorresultsfor Imagel.

segmentsdentifiedincorrectly segmentdsdentifiedincorrectly
criteria small med. | large small med. | large
AlC 13,31,34,35,36,40,41 33 10,16,18,25,28,29 40,41 33 10,16,18,28
BIC 13,31,34,35,36,40,41 33 16,28,29 41 33 16,28
CAIC 13,31,32,34,35,36,40,41 16,28,29 16,28
BAYES 13,31,32,34,35,40,41 16,29 41 16
RISS 13,20,31,32,34,35,36 21,33 | 16,29 16
38,40,41
BMSC-BAYES | 15,34,36,40,41 21 10,12,25 15,40,41
BMSC-RISS | 15,20,34,36,38,41 21,33 10,12,19,25,30
RUNS 34,35,36,38,40,41 18,19,24 40,41 18,19,24
@M = {m1, ma, ms, ma} (b) M = {m1, ma}
Table5: Model selectiorresultsfor Image2.
segmentsmergedincorrectly segmentsmergedincorrectly
mergesinvolving mergesinvolving
criteria small med. large small med. large
info-th
BMSC-BAYES | (17,21),(17,23),(21,22) (17,21),(17,23)
BMSC-RISS | (17,21),(17,23), (17,18) (17,21),(17,23), | (17,18),
(17,24),(21,22) (17,19) (17,24),(22,24) | (17,19)
(22,24) (17,22) (17,22)
RUNS (17,21),(21,22),(22,24) (17,21)
(a)M = {mo, mi, Mo, m3} (b)M = {ml}

Table6: Merging resultsfor Imagel
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segmentsmergedincorrectly seggmentsmergedincorrectly
meigesinvolving mergesinvolving

criteria small med. large small med. large

inf-th (34,36) (34,36)

BMSC-BAYES | (11,40),(15,21) (11,40), (15,21)

BMSC-RISS | (11,40),(15,20),(15,21) | (30,33) | (17,19) (11,40), (15,20),(15,21) | (30,33) | (17,19),
(16,20),(16,21),(20,21), (24,25) (16,21),(20,21),(25,41), (24,25)
(25,41),(28,32),(33,34), (28,32),(33,34),(33,35),
(33,35),(33,36),(34,35) (33,36),(34,35),(34,36)

(34,36)
RUNS (11,40),(25,41),(34,36) (23,35) (11,40),(25,41),(34,36)
(22,23)
@M = {mq, m1, ma, ms} (b) M = {ma}

Table7: Merging resultsfor Image2

| criteria | 19 | 24 | 37 |
AIC 14x 14| 22x22 | 14x 14
CAIC 38x38|22x22| 14x 14
BIC 38x38|22x22| 14x 14
BAYES 38x38|22x22| 14x 14
RISS 70x70| 26x26 | 22%x 22
BMSC-BAYES | 89x89 | 38x38 | 22x 22
BMSC-RISS - 78x 78| 34x 34
RUNS 10x 10| 14x 14| 10x 10

Table8: Model selectionn smallregionsin segmentsl9, 24,and37

| Performance]

modelselection I

meming rules |

Good

BAYES,BMSC-BAYES

BAYES, BIC, CAIC, BMSC-BAYES

Average

RUNS, CAIC, BIC

RUNS

Poor

RISS,BMSC-RISS AIC

AIC, RISS,BMSC-RISS

. Regionsizein pixels.

Table9: Overall performancdor modelselectionandsurfacememging on Perceptromata.
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(@) (b)

Figurel: (a) Model Selection: Determinethe correctfitting function (model)to describea dataset; (b)
SurfaceMerging: Given potentiallyoversgmenteddata,determingf the datashouldberepresentetyy a
singlefit or by two differentfits. The problemof modelselectioris implicit in memging.

(@) (b) (©)

Figure2: Model selectionandmeiging techniqguesanbe usedto determinethe correctrepresen-
tationfor the dataevenat smallmagnitudediscontinuties.
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(&) (b)
Figure 3: Shaws two differentsamplingsof the sametrue datapointsandfits correspondindo

modelsmg, my, andme.. While fit accurag remainsalmostthe samefor eachmodelin thetwo
samplingsthefit parametershangesubstantiallyfor m, andremainstablefor mqy andm;.
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Figure4: Schematidiagramof the bootstrapgechniqueadaptedrom [19, chapteB].
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linear model, BAYES-BMSC, 5% outliers quadratic model, BAYES-BMSC, 5% outliers
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Figure7: Shavstheperformancef BMSC-BAYES with differentfractionsof outliersin thedata.
Theresultsareaveragecver 50 simulations.
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Figure8: Classificatiorof variousmodelselectioncriteriapresentedn this paper The criteriain
the dashedox areeitherborrovedfrom the statisticditeratureor have beennewly introducedn
this paper New meiging ruleson all of themareformulatedin this paper
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Figure9: Sampledatafrom a quadraticmodelat region sizes(a) 25 pixels and (b) 50 pixels at
o = 0.05.

47



a2=-0.02 a2=-0.1 a2=-0.5
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Figure10: Shavs sampledatafrom a quadrationodelwith a(=100,a;=1, and(a) a;=-0.02,(b)
a»=-0.1,and(c) a;=-0.5. Obsere how thedatain (a) and(b) appearo be from alinear model.
All datapointscontainGaussiarerrorswith & = 0.05 cm.
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step height = 0.075, sigma = 0.02

step height = 0.075, sigma = 0.05
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Figurel2: Sampledatafrom a stepdiscontinuityataz = 0 with (a) o = 0.02 and(b) & = 0.05.

Theregionsizecorrespondingo eachsurfaceis 50 pixels. It is difficult to determinethe disconti-
nuity ate = 0.05.

true model = linear, sigma = 0.05 cm
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Figure13: Performancevith increasingegion sizefor datafrom linearmodelat o = 0.05 cm.

Data points are generatedusing Gaussiamoise and the region size is increasecsymmetrically
aroundtheorigin from 7 to 77 pixels.
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true model = quadratic, sigma = 0.05 cm

true model = quadratic, sigma = 0.05 cm
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Figurel4: Model selectiorwith changingregion sizefor quadratianodelatoe = 0.05 cm.
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Figure20: Model selectiorresultsfor Imagel
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Figure21: Model selectiorresultsfor Image2
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